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Abstract
A capacitatedcovering IP is an integer program of the form��� � � � �
	 ����
�� � ��������� � ��������� , whereall entriesof � , � ,
and � arenonnegative. Givensucha formulation,theratiobetween
the optimal integer solutionandthe optimal solutionto the linear
programrelaxationcanbeasbadas 	 	 � 	 	 � , evenwhen � consists
of asinglerow. Weshow thatby addingadditionalinequalities,this
ratio canbe improved significantly. In the generalcase,we show
that the improved ratio is boundedby the maximumnumberof
non-zerocoefficientsin a row of � , andprovideapolynomial-time
approximationalgorithmto achieve this bound.This improvesthe
previousbestapproximationalgorithmwhichguaranteedasolution
within themaximumrow sumtimesoptimum.

We alsoshow that for particularinstancesof capacitatedcov-
eringproblems,includingtheminimumknapsackproblemandthe
capacitatednetwork designproblem,theseadditionalinequalities
yield evenstrongerimprovementsin theIP/LP ratio. For themini-
mumknapsack,we show thatthis improvedratio is at most2. This
is thefirst non-trivial IP/LP ratio for this basicproblem.

Capacitatednetwork designgeneralizestheclassicalnetwork
designproblem by introducingcapacitieson the edges,whereas
previous work only considersthe casewhen all capacitiesequal
1. For capacitatednetwork designproblems,we show that this
improved ratio dependson a parameterof the graph,andwe also
provide polynomial-timeapproximationalgorithmsto matchthis
bound. This improves on the best previous � -approximation,
where� is thenumberof edgesin thegraph. We alsodiscussim-
provementsfor someotherspecialcapacitatedcovering problems,
including the fixed charge network flow problem. Finally, for the
capacitatednetwork designproblem,we give somestrongerresults
andalgorithmsfor seriesparallelgraphsandstrengthenthesefur-
therfor outerplanargraphs.

Most of our approximationalgorithmsrely on solving a sin-
gle LP. Whentheoriginal LP (beforeaddingour strengtheningin-
equalities)hasa polynomialnumberof constraints,we describea
combinatorialFPTAS for theLP with our (exponentially-many) in-
equalitiesadded.Ourcontributionhereis to describeanappropriate
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separationalgorithmto work in the settingof the FPTAS of Garg
andKönemann. For exactly solving the LP using the ellipsoid
method,we describesimplerseparationroutines.

1 Intr oduction

TheUS governmenthasidentified ! areasof critical infras-
tructure, setsof serviceswhosefunctioningis essentialfor
thecurrentoperationof thecountry. Mostof theseinfrastruc-
turesarephysicalnetworkssuchastelecommunications,wa-
ter, naturalgas,andtransportation.The importanceof net-
work designis further evident from the wealthof literature
on thesubject[11]. The researchin this paperis motivated
by a capacitatednetwork designproblemarisingin network
security. However, thetoolswe have devisedto understand
this problemare applicablenot only to building networks,
but also to both morespecificproblems,suchas the mini-
mum knapsackproblem,andmoregeneralproblems,such
asgeneralcapacitatedcoveringproblems.

The capacitatednetworkdesignproblemis definedon
a multigraph "$#$% &(' )�* with costvector +�,().-0/21 ,
capacityvector34, )5-6/21 , andsymmetricdemandmatrix798$:�; <=; >

, where
7@? A

is the connectivity requirement
betweenverticesB and C . Thegoal is to selecta minimum-
costsubsetof edgesDFEG) sothat thetotal capacityof any
cutsetH of % &(' D�* is at leastthe maximumdemandamong
all pairsof verticesthat aredisconnectedin % &�' D�I H�* . In
this paper, we alsoconsiderthegeneralizationwhereedgeJ
maybeselectedup to K % J * times.

Thecapacitatednetwork designproblemarisesasanet-
work reinforcementproblem. Herewe aregivenanexisting
network, andfor eachlink (edge)in thenetwork, severalre-
inforcementoptions.A reinforcementis aprotectionlevel of
aparticularstrengththatcanbeaddedto anedgeatacertain
cost. In addition, for eachpair of verticesin the network,
thereis aspecifiedlevel of protectiondemanded.Theobjec-
tive is to selecta minimum-costsetof reinforcementsfor all
theedgessothatanadversarywith strengthlessthanthepro-
tectionlevel of aparticularpairof verticescannotdisconnect
thesevertices.

For example,supposewe have a communicationsnet-
work andeachedgehasaweight(capacity)correspondingto
thecostanattacker incursto eavesdropon thatedge.There
arecommunicationsprotocols(e.g.[9]) wheremessagesare
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brokeninto multiplepacketsandpacketsaresentalongmany
differentpaths. In order for an eavesdropperto gleanany
information from the message,he must interceptall pack-
ets,andthereforemusthavecompromiseda cutbetweenthe
senderandreceiver. By interpretingstrengthandprotection
levelsascapacities,this problemis easilyreinterpretedasa
capacitatednetwork designproblem.

Capacitatednetwork design is one generalizationof
the minimum knapsackproblem. The minimumknapsack
problem is definedby a set of objects, eachwith a cost
anda value,anda specifieddemand.The goal is to select
a minimum cost set of edgeswith total value at least the
demand. This is equivalent to capacitatednetwork design
on a graphconsistingof 1 vertex pair with multiple parallel
edges.

One generalizationof capacitatednetwork design is
capacitatedcovering.A capacitatedcoveringIP is aninteger
program(IP) of the form LNM O
P Q R�S T=RVU5W X Y�ZGR[Z]\ X RV^_a`(b

, whereall entriesof Q , T , and W arenonnegative.To see
thatthis is ageneralization,wewrite thecapacitatednetwork
designproblemas a capacitatedcovering IP below. Here
Rdc e f is thenumberof copiesof edgee we select,g is theset
of all cutsets,and hNi is themaximumof h@j k over all pairs
of verticesl and m disconnectedby theremoval of n .

LNM O oGp q r@Q c e f R�c e fs nt^�g4uvop q i
w c e f R�c e f0UxhNi
s e�^�ytuzRdc e f ^{P Y X | b }

(IP1)

Sincetheminimumknapsackproblemis NP-hard[22],
all of the abovementionedproblemsareNP-hardproblems.
In thispaper, wefocusonobtainingimprovedapproximation
algorithmsfor theseproblems.A ~ -approximationalgorithm
is a polynomial-timealgorithmthat returnsa solutionwith
cost at most ~ times the cost of the optimal solution. A
fully polynomial-timeapproximationscheme(FPTAS) is an
algorithmthat,given �=�]| , returnsasolutionof costatmost
| ��� timestheoptimalsolutionin timepolynomialin thesize
of theproblem,and | � � . Onespecialcaseof thecapacitated
network designproblemis the Steinertreeproblem,which
is known to beMAXSNP-hard[4]. Thuswe cannothopeto
find anFPTAS for this problem.

Most of our approximation algorithms depend on
strengtheningtheLP relaxationof thegivenIP. (TheLP re-
laxation is the problemobtainedby removing the integral-
ity constrainton the variables.)An LP relaxationof an in-
teger programcan be strengthenedby adding inequalities
that are satisfiedby all integer solutions. Theseinequali-
ties are called valid. Given a probleminstanceP, we de-
note its optimal solutionby OPT(P).For an IP, and its re-
laxationLP, we refer to the ratio of their optimal solutions,
OPT(IP)/OPT(LP),astheIP/LPratio.

1.1 Previous Work. The bestprevious approximational-
gorithm for the capacitatednetwork designproblemis the
algorithmthatgreedilyremovestheunnecessaryedgesin or-
derof decreasingcost. This finds a solutionwithin a factor
of ��u �tS y�S of theoptimum[12].

Many of the approximationalgorithmsfor network de-
signproblemsthatachieveapproximationguaranteesthatare
betterthanlinearconsidertheuncapacitatednetworkdesign
problem, wherew c e f��5| for all edgese , andmultiplecopies
of eachedgeare allowed (althoughsomedo handleupper
boundson the numberof copiesof eachedge). In particu-
lar, Jain[21] describesa 2-approximationfor preciselythis
problem.Before[21], thebestapproximationguaranteesob-
tainedby polynomial-timealgorithmsfor theuncapacitated
network designproblemwereall logarithmic in ��u �$S ��S .
For references,anda survey of relatedwork, seefor exam-
ple [13].

When all edge costs are also uniform, the problem
remainsNP-hard,evenwhenall demandsarealsouniform.
Thebestknown approximationin this caseis �2�[| � � when
connectivity requirementis � [23]. If, in addition, the
underlyinggraphis the completegraphandmultiple edges
are allowed, then the problem is solvable in polynomial
time [8, 28].

Otherresearchershave consideredapproximationalgo-
rithmsfor thecapacitatednetwork designproblemwhenthe
objective is to designa network with enoughcapacityto
routeall demandssimultaneously, withoutany restrictionon
thenumberof copiesof edgesallowed[1, 6, 26, 31].

There has also beensignificant researchon develop-
ing the techniquesof integer programmingand polyhe-
dral combinatoricsto attacktheseproblems. For example,
see[3, 7, 25].

The knapsack problem has been studied exten-
sively [27], and is one of the original NP-completeprob-
lems [22]. While the knapsackproblemandthe minimum
knapsackproblemsare equivalent if an exact solution is
sought,they arenot equivalentfor approximationpurposes
in that a ~ -approximationalgorithm for one problemdoes
not imply the existenceof a comparableguaranteefor the
second.TheFPTASfor knapsack[24, 19] canbeeasilymod-
ified to work for min knapsack.However, theboundon the
IP/LP ratios for the two problemsis vastly different: 2 for
knapsackversush for minimumknapsack.

1.2 Our results.Almost all of the known approximation
algorithmsfor network designproblems,and many cover-
ing problems,considera standardintegerprogramming(IP)
formulationof the problemand the optimal solution value
obtainedfrom the correspondinglinear programming(LP)
relaxation[13]. Thesealgorithmsthenconstructan integer
solutionandprove its approximationguaranteeby compar-
ing it with the valueof the LP relaxation.Onedifficulty in



approximatingthe capacitatednetwork designproblemlies
in thefactthat theratio of theoptimalIP solutionto theop-
timal LP solutioncanbeasbadas ����� �N� �V��� � � � � � �d�
� � � .
This holdsalso for the minimum knapsackproblem. Thus
onecannothopeto obtainimprovedapproximationguaran-
teesby comparinganintegersolutionobtainedby any means
to theoptimalLP value.

We add a classof simple inequalities,which we call
knapsack cover (KC) inequalities, that provably strengthen
the standardlinear programmingrelaxation. For the mini-
mum knapsackproblem,we show that the improved IP/LP
ratio with theseinequalitiesis 2. This improveson thebest
previousboundof ����� � . Forcapacitatedcoveringproblems,
we add this classof inequalitiesfor eachconstraintin the
original IP formulation. We show that the resultingIP/LP
ratio is strengthenedto beboundedby themaximumnumber
of nonzerocoefficientsin arow of theconstraintmatrix. For
capacitatednetwork designproblems,we show animproved
ratio thatequals�(� �2���G  , where��� ��� , definedbelow, is a
parameterof thegraph � thatis oftensignificantlylessthan¡ , andnevergreater.

DEFINITION 1.1. A bond is a minimal cardinality set of
edgeswhoseremoval disconnectsa pair of verticeswith pos-
itive demand.For a multigraph � , ��� ��� is the cardinality
of the maximum-cardinality bond in the underlyingsimple
graph.For example, in Figure1, ��� ���(�G¢ .

maxbond

Figure1: A bond

Series-parallel graphsare defined inductively. Each
series-parallelgraphhasa sourcenode £ and a sink node¤
, called the defining nodes. A single edge � £ ¥ ¤ � is the

simplestseries-parallelgraph. New series-parallelgraphs
are built by composingtwo series-parallelgraphshaving
sources£ ¦ and £ § and sinks

¤ ¦ and
¤ § respectively. In a

seriescomposition,thesource£ § andsink
¤ ¦ areunified. In

a parallel compositionthesources£ ¦ and £ § areunifiedand
the sinks

¤ ¦ and
¤ § areunified. We canrepresentthe series

andparallelstepsusedto produceagraphin adecomposition
tree. For series-parallelgraphs,weshow thattheIP/LPratio
can be improved to ¨ �(� �2� © ª «N�]ª , and that this boundis
almosttight for theLP with KC inequalities.

We alsodescribepolynomial-timeapproximationalgo-
rithmsthatmeetthesebounds.Thus,for thecapacitatedcov-
eringproblem,our resultimprovesthebestpreviousapprox-
imation guaranteeof the maximumrow sumof ¬ [5]. For
capacitatednetwork design,ouralgorithmsimprovethebest
previousapproximationguaranteeof ¡ [12].

Wedescribesomeadditionalcapacitatedcoveringprob-
lems for which KC inequalitiescan be usedto obtain im-
provedapproximationguarantees.Theseincludegeneralized
vertex cover, multicolor network design,and fixed charge
network flow. Thevertex cover problemis to selecta mini-
mumweightsetof verticessothateachedgeis incidentto at
leastoneselectedvertex. Thereareseveral2-approximations
known for this problem.In themultiple-choicevertex cover
problem, eachvertex is actuallya clusterof weightedver-
tices.An edgefrom cluster­ to cluster® is coveredif asubset
of verticesfrom clusters­ and® areselectedwith totalweight
at leastthedemandof theedge.Theobjective is againto se-
lect a minimum weight subsetof verticesso that all edges
arecovered.Ouralgorithmsyield a3-approximationfor this
problem. If the graphis bipartite, the problemis still NP-
hard,sinceit generalizesmin knapsack.We describea 2-
approximation.

The multi-color networkdesignproblem. In this prob-
lem,eachedgehasaconstantnumberof differenttypes(col-
ors)of capacities.Demandpairscomewith a specifiedtype
andamountof capacitydemand.Theobjective is to build a
minimum costnetwork to satisfyall demands.Given ¯ ca-
pacity types ° � ¥(­���  ¥ ± ± ±
¥ ¯ suchthat ° � � ² �@³�° � � ² ´ �Nµ
° � � ² �a¶V° � � ² ´ � for all edges² andall capacitytypes­ and® ,
weobtaina �(� �2���G  approximationfor thisproblem.

The fixedcharge flow problemhasa fixed costassoci-
atedwith eacharc, in additionto a per-unit-flow cost. The
objective is to build anetwork with enoughcapacityto route
givendemandbetweentwo nodesto minimizethetotal cost
of building thenetwork andsendingtheflow. For the2-node
problem,we give a 2-approximationbasedon introducing
inequalitiesto tightentheLP relaxation.We alsoshow how
to modelthisproblemasa capacitatednetwork designprob-
lem, yielding a ��� ���a�� 2�]· approximationguaranteein
generalgraphs.

Our approximationalgorithmsdependon solvinga sin-
gle LP with an exponentialnumberof constraints.Given a
polynomial-timeseparationoracle,this canbedonein poly-
nomialtimeusingtheellipsoidmethod[15]. Whentheorig-
inal LP (beforeaddingour exponentially-many KC inequal-
ities) hasa polynomialnumberof constraints,we describe
a combinatorialFPTAS for solvingthestrengthenedLP. We
dothisby describinganappropriateseparationalgorithmre-
quiredby the FPTAS for positive packingandcoveringde-
scribedby Garg and Könemann[10]. For solving the LP
usingtheellipsoidmethod,or simplex method,we describe
simplerseparationroutines.



When there is only one demandpair, Schwarz and
Krumke [32] describean FPTAS on seriesparallelgraphs,
if this demandpair correspondsto thedefiningnodesof the
seriesparallelgraph.An outerplanargraphis aplanargraph
that canbe embeddedso that all verticeslie on the outside
face. Frequentlypipeline infrastructurenetworks (natural
gas,water)areouterplanarat thehighestdistribution levels.
We describean FPTAS for this problem on outerplanar
graphs,without restrictingthelocationof thedemandpair.

2 Strengtheningthe LP

In thissection,wedescribeinequalitiesto strengthenthelin-
earprogrammingrelaxationfor capacitatedcovering prob-
lemsandshow how they canbeusedto obtainimprovedap-
proximationalgorithms.

2.1 The Minimum KnapsackProblemand KC Inequal-
ities. In this sectionwe restrictour attentionto the capaci-
tatednetwork designproblemwith demanḑ on two-node
graphswith many parallel arcs ¹ . This is the minimum
knapsackproblem.The IP/LP ratio for the minimumknap-
sackproblem,andhenceIP1,canbeaslargeasthedemand
¸ . Considera setwith just 2 elementsº » and º ¼ , andde-
mand ¸ . Let ½�¾ º » ¿�À�¸FÁGÂ , Ã ¾ º » ¿2À�Ä , ½�¾ º ¼ ¿�Àt¸ , and
Ã ¾ º ¼ ¿�ÀÅÂ , where ½ is the vectorof valuesof the elements.
Any feasibleintegersolutionmustincludeelementº ¼ for a
costof 1, while theoptimalLP solutionsetsÆ�¾ º » ¿=ÀFÂ and
Æd¾ º ¼ ¿�À5Â Ç ¸ for a costof Â Ç ¸ .

We introduce inequalities to strengthenthe linear-
programmingrelaxationfor thisproblem.In generalgraphs,
theseinequalitiesare defined on subsetsof edgescorre-
spondingto cutsets.In capacitatedcovering IP’s, thesein-
equalitiesaredefinedfor eachinequalityof theIP.

Considera setof edgesÈ suchthat ½�¾ È=¿2É]¸ , andlet
¸�¾ È=¿=À]¸�Á�½�¾ È=¿ betheunmetdemandafterselectingall
edgesin È . We call ¸Ê¾ È=¿ the residualdemand. Thenany
feasiblesolution to the minimum knapsackproblemwhen
restrictedto ¹tË2È mustalsobe feasiblefor the minimum
knapsackproblemon ¹�Ë=È with demanḑ�¾ È=¿ . As with
any minimum-knapsackproblem, we can assumethat the
capacityof eachedgeis no more than the demand. Let
½
Ì(¾ º ¿NÍ ÀtÎ@Ï Ð
Ñ ½�¾ º ¿ Ò ¸Ê¾ È=¿ Ó . Thesubproblemconstraintis
enforcedby a knapsack cover (KC) inequality:Ô

Õ Ö ×dØ Ì ½
Ì(¾ º ¿ Æ�¾ º ¿aÙ[¸�¾ È=¿ Ú(2.1)

Undercertainconditions,theseinequalitiesarefacetdefin-
ing, see[33] for example.

Previous researchers[2, 17, 33] have consideredan
uncapacitatedform of inequality(2.1) that forcesthechoice
of at least one edgein ¹NÇ È . We can show that if only
theseweaker constraintsare addedto IP1, the IP/LP ratio
canstill beasbadas Û ÜÊÇ Ý . Theseresearchersusedlifting

proceduresto strengthenthesebasicinequalities,but do not
specificallyconsiderknapsackcover inequalities.

The strengthenedinteger programfor minimum knap-
sackis:

ÎNÏ ÐßÞ[Õ Ö ×@Ã ¾ º ¿ Æd¾ º ¿à È5áV¹ with ½�¾ È=¿aÉV¸âÍ
Þ Õ Ö ×dØ Ì ½
Ì(¾ º ¿ Æd¾ º ¿0Ùã¸Ê¾ È=¿à º�ä�¹�Í Æd¾ º ¿åä{Ñ Ä Ò Â Ó Ú

(IP2)

The knapsackcover inequalities(2.1) significantly re-
ducetheIP/LPratio for theminimumknapsackproblem.

THEOREM 2.1. TheIP/LP ratio of IP2 is at most2.

Proof. Let Æ be any feasible solution to the linear-
programmingrelaxationof IP2. We show that Ý Æ dominates
a convex combinationof integer knapsackcovers. That is,
weshow thereexist ÄNÉ[æ�» Ò Ú Ú Ú
Ò æ�ç2è]Â with Þ çé ê » æ é À]Â
and ë feasiblesolutionsto IP2 Æ
ì » í Ò Æ
ì ¼ í Ò Ú Ú ÚdÒ Ædì ç í suchthat
Þ çé ê » æ é Ædì é í ètÝ Æ (componentwise).Hence,the cheapest
knapsackcover in this sethascostno morethantwice the
costof Æ .

Let ÈîÀîÑ ºÅä.¹ðï�Æd¾ º ¿tÙîÂ Ç Ý Ó . Selectingthe
edgesin set È costs at most twice their contribution to
the LP solution. We must now meetthe residualdemand
¸�¾ È=¿(ÀG¸�ÁÊ½�¾ È=¿ with theremainingedges.

Let ë bethe leastcommonmultiple of denominatorsof
Æ . We createë partial integersolutionsusingedgesin ¹NË È
sothateachintegersolutionhascapacityatleasţ�¾ È=¿ . Each
partialsolution,togetherwith È , thengivesasolutionfor the
originalproblem.

For eachedge º4ä]¹5Ë2È , we createñò¾ º ¿�Í ÀâÝ ë�Æd¾ º ¿
copiesof º . We partition thesecopiesinto ë buckets so
that eachbucket hastotal capacity ÙÅ¸�¾ È=¿ andno bucket
containsmorethanonecopy of eachedge º . Thuseachis
feasiblefor thereducedproblem.Thebucketingproceedsas
follows: Reindex the edgesin ¹NË È by decreasingoriginal
capacities,sothat ½�¾ º ó ¿=ÙV½�¾ º é ¿ for all ô(ÉVõ . Putthe ñò¾ º » ¿
copiesof the first edge º » into the first ñò¾ º » ¿ buckets, the
ñò¾ º ¼ ¿ copiesof edgeº ¼ into thenext ñò¾ º ¼ ¿ bucketsmodulo
ë andsoon.

Sincewe consideronly edgesin the set ¹NË ÈâÀâÑ º4ä
¹]ï Æ�¾ º ¿aÉ]Â Ç Ý Ó , therearelessthanë copiesof any oneedge,
andhenceno edgeappearsmorethanoncein any bucket.

Thedifferencein ½
Ì capacitybetweenthebucket with
themostcapacity(thefirst bucket)andtheleastcapacity(the
last bucket) is at most ¸�¾ È=¿ : In the worst case,the first
bucket ö » containsone more edgethan the last bucket ö ç .
Pair the ô ÷ ø edgeaddedto ö ç with the ô�ùGÂ ú ÷ edgeaddedto
ö » . By construction,in eachpair theedgein ö ç hasat least
asmuchcapacityasits matein ö » . Sinceif ½�¾ º » ¿�Ù5½�¾ º ¼ ¿
then ½
Ì(¾ º » ¿NÙ5½
Ì�¾ º ¼ ¿ for any choiceof È , this alsoholds
whencomparing½
Ì capacities.Hencethedifferencein ½
Ì



capacitiesof the two bucketsis at most the û
ü -capacityof
thehighestcapacityedge,which is at most ýÊþ ÿ�� .

If one of the buckets correspondsto an infeasibleso-
lution, it hascapacity �6ý�þ ÿ�� . Assumethe last (lowest-
capacity)bucket hascapacitylessthan ýÊþ ÿ�� . This implies
that the first bucket has û
ü -capacitylessthan � ý�þ ÿ�� , and
thetotal û
ü -capacityin all bucketsis lessthan� � ý�þ ÿ�� . This
thenimplies that � ����� 	 
�� ü û
ü(þ 
 � ��þ 
 ����� � ý�þ ÿ�� , which
contradictsthe fact that � satisfiesthe knapsackcover in-
equalityfor set ÿ . Henceall bucketshave capacityat least
ý�þ ÿ�� .

This proof actually shows we do not needto satisfy
all knapsackcover inequalitiesfor the theoremto hold: as
long as a fractional solution satisfiesthe demand,and the
knapsackcover inequalityholds for ÿ���� 
������ ��þ 
 ���� � � � , then the value of this solution is within 1/2 of the
integeroptimal. We call a fractionalsolution � thatsatisfies
the demandand the knapsackcover inequality for ÿ �!�� 
������ �dþ 
 ���#"�� a " -integer-valuedsolution. Using the
ellipsoidmethodin theframeworkof [15], andtheseparation
algorithm that checksthe KC inequality for this singleset
ÿ � , we canfind a " -integer-valuedsolution in polynomial
time. (Note that the problemof finding a " -integer-valued
solution is not a linear program, nor even necessarilya
convex program,andyettheresultsin [15] imply thatwecan
still find sucha solutionin polynomialtime.) In Section3,
wedescribeacombinatorialFPTAS for theLP, thusavoiding
useof theellipsoidmethod.

Given a fractionalsolution that meetsthe demandand
satisfiesthe KC inequalityfor ÿ , we canrecover a feasible
integer solution within twice its value in polynomial time.
Thekey observationis thatalthoughthebucketingalgorithm
conceptuallyuses� buckets,the actualnumberof different
integersolutionsis atmost $�% � , where$ is thenumberof
paralleledges.

THEOREM 2.2. There is a polynomial-time � -
approximation algorithm for the minimum knapsack
problembasedon roundingthelinear programrelaxationof
IP2.

Proof. We mustidentify thebucket with thecheapestfeasi-
ble solution.We proveby inductionthatafteraddingcopies
of & edgesto the buckets,we have createdat most &'% �
differentintegersolutions,andbucketscontainingthesame
integer solutionareconsecutive. Adding copiesof the first
edge 
 ( to the first )òþ 
 ( � bucketscreatesat most 2 differ-
ent partial integer solutions,and identical integer solutions
areconsecutive. After addingthecopiesof the * + , edge,we
haveby induction *�% � differentpartialsolutions,andiden-
tical integersolutionsareconsecutive. We adda copy of the*-% � . + edgeto thebucket immediatelyafterthebucketcon-
taining the last copy of the * + , edge,andcontinuewith the

remainingcopies. We needonly checksolutionsthat were
the samebeforeaddingedge *�% �

but are differentafter-
ward. The first bucket to which we addedge*/% � already
differs from its earlier neighborin that it doesnot contain
edge* , sothatwedonotcreateanew distinctionhere.How-
ever, the last bucket to which we addedge*/% � may have
beenidenticalto its successor. Thuswe createat mostone
new distinctintegersolution.

We keeptrackof distinctintegersolutionsby notingthe0 $!% � differentendpointsof intervalsof length )òþ 
 1 � on
a modularclock of size � . This takeslinear time. A simple$'2 algorithmchecksthecostof eachsolutionandpicksthe
cheapest.

Theminimumknapsackproblemcanbesolvedin pseu-
dopolynomialtimeusingdynamicprogrammingwhichread-
ily suggestsanFPTAS [24, 19]. However, unliketheFPTAS,
our resultsarereadily applicableto moregeneralproblems
for which no strongapproximationresultsexist.

The following exampleshows that Theorem2.2 is al-
mosttight. Considertheproblemwith $ edges,eachof ca-
pacity $43 � andcost1, anddemand$ . The optimal IP
solutionpicksany two edgesfor acostof 2. TheoptimalLP
solutionassignsavalueof

� � þ $�3 � � to eachedge,for atotal
costof $ � þ $53 � � . Thusthe ratio of IP to LP solutionsis�63 27 .

2.2 Generalupper boundson variables.All of theresults
in this paperextendto the settingwhereedge
 may be se-
lectedup to 8 þ 
 � times. We canassume8 þ 
 � is boundedby9 ý;:=< > � û�þ 
 � ? . The knapsackcover inequalities(2.1) re-
mainvalid with a modifieddefinitionof edge-setcapacities:
û�þ ÿ���@ ����� 	 ü û�þ 
 � 8 þ 
 � . For theminimumknapsackprob-
lem,it is now sufficientto satisfythesemodifiedKC inequal-
ities for ÿ�@ ��� 
6����� ��þ 
 � �A8 þ 
 � � � � . Whenbucketing,we
create)òþ 
 ��@ �#� � �dþ 
 � copiesof 
 . Since � �dþ 
 ���#8 þ 
 � , no
morethan 8 þ 
 � copiesof edge 
 occur in any bucket. The
earlierargumentsshow thateachbucket is feasible.This im-
pliesCorollary2.3.

COROLLARY 2.3. There is a polynomial-time 2-
approximationalgorithmfor theminimumknapsackproblem
with general upperboundsusinglinear-programmingtech-
niques.

The sametechniqueworks for all problemsdiscussed
in this paper, since all our approximationguaranteesare
insensitiveto multipleedges.Hencewhile ourproofsdiscuss
the0/1problem,thetheoremsholdfor generalupperbounds.

2.3 Cyclic multi-graphs and multicommodity demands.
In this sectionwe show how knapsackcover inequalities
strengthenthe LP relaxationof more generalinstancesof
capacitatednetwork design. In generalgraphs,knapsack



cover inequalitieshold for any cut that separatesdemand
pairs. Such a cut can be consideredin isolation as a
minimum knapsackproblemwith the cutsetasthe element
setandthedemandequalto themaximumdemandseparated
by thecut.

A cyclicmultigraphis amultigraphfor whichtheunder-
lying simplegraphis acycle.

THEOREM 2.4. TheIP/LP ratio of IP1 with knapsack cover
inequalitieson a cyclic multigraphis BDC .
Proof. Let E be a feasibleLP solution. We show that C E
dominatesa convex combinationof feasibleinteger solu-
tions.Given E , werun thebucketingalgorithmoneachmul-
tiedgeseparately, for thesetof edgesF G�H'I#J E=K G L M�N O C P ,
andthentakethe Q setsof R buckets(whereQ , thenumberof
nodesin thegraph,is alsothenumberof edgesin theunder-
lying simplecycle), andmerge theseQ setsin any orderto
obtainR solutions.Eachintegersolutioncontainsexactlyone
bucketfromeachof the Q sets.ConsideraparticularcutsetS
definedby two multiedges,with maximumdemandT sepa-
ratedby the implied cut. Let U!VWF G'HDIWJ E=K G LYX!N O C P ,U�Z�V�UD[�S andconsiderthebucketsfor eitheroneof the
multiedgesbeforethemerge.As shown in theproof of The-
orem2.1,thedifferencein \-] -capacitybetweenthehighest-
capacitybucket and the lowest is at most T�K U�Z/L . Hence,
oncethe bucketsaremerged,the differencein the total ca-
pacity acrossthis cut betweenthe highestcapacitysolution
andthe lowestis at most ^ T'K U�Z/L . Thus,amongall integer
solutions,if theonewith the lowestcapacityacrossthis cut
hascapacitylessthan T'K U�Z/L , thenthe highesthascapac-
ity lessthan C T�K U�Z/L , andthis contradictsthe fact that the
knapsackcover inequalityfor U acrossthecut S is satisfied.

Thebestpreviousapproximationboundfor thisproblem
was _ [12]. Using Theorem2.4, we can significantly
improvethis bound:

COROLLARY 2.5. There exists a polynomial-time 3-
approximationalgorithmfor thecapacitatednetworkdesign
problemon cyclicmultigraphs.

Proof. Cyclic multigraphshave only ` a b c minimal cutsets
in the underlyingsimple graph. We can thus find a N O C -
integer-valuedsolution in polynomial time using the ellip-
soidmethodandcheckingtheknapsackcover inequalityfor
the set F G�H�I#[�S5J E�K G L'X4N O C P for eachcutset S . In
Section3, weshow how to obtainan d -approximatesolution
to our LP usingcombinatorialmethodsin polynomialtime.
Thisgivesusa fully combinatorialpolynomial-timeapprox-
imationalgorithmwith comparableguarantee.

We notethat thebucketingalgorithmagainproducesat
most _5e�N integer solutions. Merging two setsof _�e�N
bucketspairwisedoesnotcreateany new buckets(solutions).

The IP/LP ratio for the cyclic multigraph improves
whenthereis only onepair of nodeswith demand,though
algorithmically we would prefer the FPTAS of [32] for
series-parallelgraphs.

COROLLARY 2.6. TheIP/LP ratio for the K f g h L capacitated
networkdesignproblemoncyclic multigraphsis at most ^ .
Proof. Performthebucketingseparatelyfor eachmultiedge
asdescribedin Theorem2.4 except includeall edgeswithE�K G L;M!N O ^ . Theunderlyingcycle hasexactly two disjoint
pathsbetween f and h . Let i be the set of multiedges
correspondingto onesuchpath and let j5V4Ilk�i . All
multiedgesin i merge their m n o bucket into the m n o integral
solution. All multiedgesin j merge their m n o bucket into
the R�kDm n o integral solution. Considera cutset S implied
by a simple cut separatingf and h so S containsexactly
one member of i and one member of j . Let UpVF GlH�SqJ�E�K G L�XrN O ^ P . The largest differencein \-] -
capacitiesamongthe bucketsfor eithermultiedgeis T'K U�L .
When we merge the buckets for thesetwo multiedgesas
describedabove,we createa new setof R bucketssuchthat
the differencein capacitybetweenany 2 buckets is still at
most T�K U�L . Supposethat beforemerging bucket m for the
multiedgein i hasgreatercapacitythan bucket s . Then,
for themultiedgein j , bucket m will have capacityno larger
thanbucket s . Thusmerging thetwo setsof bucketscannot
increasethe maximumdifference.The previous arguments
yield theboundof 2.

2.4 General graphs. In this section,we extendthe ideas
in theproofsof Theorems2.1and2.4 to obtainnew bounds
for generalgraphs. We also describehow to separatethe
knapsackcover inequalities for generalgraphs, since in
generalthere will be exponentially-many interestingcuts.
Recallthemaxbond t/K u�L of Definition1.1.

THEOREM 2.7. TheIP/LP ratio of IP1 with knapsack cover
inequalitiesfor a general graph u is at mostt�K u6L=e�N .
Proof. Canbe obtainedfrom the proof of Theorem2.4, by
replacing2 with t/K u�L and 3 with t�K u6L�e!N . For a cut
with t/K u�L multiedges,themaximumdifferencein capacity
betweentwo buckets (integer solutions)is t�K u6L times the
residualdemand.

As before, it is sufficient to check that the knapsack
inequality for Uwv V4F GAH#SYJ E�K G LxXzy{ | }�~ � y P is satisfied
for all cutsetsS separatingdemandpairs. However, now
theremaybeanexponentialnumberof suchcutsets,sothis
doesnot lead to a polynomial-timeseparationalgorithm.
Instead,weusethebucketingprocedureto identifyaviolated
knapsackinequality. Given a fractional solution E , we
build the setof candidateinteger solutions. We needonly



checkthe lowest-capacityinteger solution (last bucket) for
feasibility. This canbe doneby usingthe polynomial-time
Gomory-Hu algorithm [14] to determinethe value of the
minimumcutseparatingeachpairof vertices,andcomparing
thesevalueswith the demandvalues. If somecut � has
insufficient capacity, theset � �;�x�Y� ��� � �6���� � ��� � � � yields
aviolatedknapsackcover inequality.

Our algorithmasstateduses�/� ��� explicitly; but com-
puting ��� �6� is NP-hard. We don’t actuallyneedto know
theexactvalueof ��� �6� . Instead,we caneasilydeterminea
lower boundon � , andrun thealgorithmwith this value. If
thealgorithmcreatesaninfeasibleintegersolution,wecheck
the associatedknapsackcover inequality. If it is not vio-
lated,then � is too small. We canusebinarysearchto find
the smallest� which yields feasibleintegersolutions.This
givesa �'�A� -approximatesolutionfor some���D�/� ��� .
2.5 Series-Parallel graphs.Thespecialstructureof series-
parallelgraphsreducestheIP/LP ratio. TheFPTAS of [32]
doesnot applybecausewe havemulticommoditydemands.

THEOREM 2.8. TheIP/LP ratio of IP1 with KC inequalities
for a series-parallel graph � is at most � � � ����!� �D� .

Proof Hint: As in the proof of Corollary 2.6, order
thebucketsof multiedgesin eitherincreasingor decreasing
order. By using the series-paralleldecompositiontree, we
canchooseanorientationfor eachmultiedgesuchthateach
bondhashalf its multiedgesorientedin eachdirection.

Thisboundfor theIP/LPratio is nearlytight, sincethere
is a series-parallelexamplewith ratio � ��� �6� � � � �A� .
2.6 The Capacitated Covering Problem. Recall, a
capacitatedcovering IP is an integer programof the form�Y� � � � �=� ������  ¡ ¢�������£ ¡ ����¤ � � , whereall entriesof� , � , and   arenonnegative. Let ¥ bethemaximumnumber
of nonzeroentriesin a row of � andlet ¦ be themaximum
row sumof � . If � is a ¢6§�� matrix, ¥x¨�¦ , but in general¥l�w¦ . Hall and Hochbaum[16] give a ¥ -approximation
for � a 0-1 matrix. Bertsimasand Vohra [5] extend this
to give a ¦ -approximationfor the generalproblem. In
this section, we describea ¥ -approximationfor general,
nonnegativematrices� , improving thebestpreviousbound.
We obtainour guaranteeby strengtheningtheLP relaxation
usingknapsackcover inequalities.

By the discussionin Section2.2, we can restrict our
discussionto thecasewhen £6©l� . We treateachconstraint
as a minimum knapsackproblem and introduceknapsack
coverinequalitiesof thefollowing form. Let ª denotetheset
of all variables.Define «Y¬ � ­���® ¨ ��¯ ° � ¢ ¡   ¬±§D²A³ ´ µY�=¬ ¶ ³ �and · µ � ¸ ¡ ¹ � ® ¨ �;� � � �=¬ ¶ ³ ¡ «Y¬ � ­�� � . TheKC inequalitiesfor
the ¸ º » constraintare ² ³ ´ ¼�½ µ�· µ � ¸ ¡ ¹ � � ³ �A«Y¬ � ­�� .
THEOREM 2.9. TheIP/LP ratio for the capacitatedcover-
ing problemwith KC inequalitiesis �x¥ .

Proof. Let ��¾ bea solutionto theLP with KC inequalities,
andlet ­�¨�� ¹±� �-¾³ ��� � ¥ � . Definetheintegersolution ¿ by¿ ³ ¨�� if ¹Y�'­ , else¿ ³ ¨�¢ . Since¿'��¥ ��¾ , �/À ¿��x¥±�/À �-¾ .
It remainsto show ¿ is afeasiblesolution.If ¿ is not feasible,
it violatessomeconstraint:�=¬-À ���A  ¬ ; thatis, «Y¬ � ­�� ÁA¢ .

Define ÂÃ® ¨r� ¹W�4ª;Ä ­Å��· µ � ¸ ¡ ¹ ��ÁÆ¢ � . Since· µ � ¸ ¡ ¹ ���A«�� ­�� , for all ¹Y��Â , · µ � ¸ ¡ ¹ � À ��¾ � ¹ � ÇD«Y¬ � ­�� � ¥ .
But thereareat most¥ elementsin Â , implying

È
³ ´ ¼�½ µ · µ � ¸ ¡ ¹ � � ¾ � ¹ � ÇA«;¬ � ­��

whichcontradicts�-¾ satisfyingall KC inequalities.

As with previous problems,it suffices here to find a� � ¥ -integer-valued solution (a solution satisfying the KC
inequalitiesfor the set ­Æ¨Æ� ¹±� �-¾³ �r� � ¥ � ), which can
be done in polynomial time. We can also obtain an É -
approximatesolutionto the LP via a combinatorialFPTAS
asdescribedin Section3.

2.7 Generalized Vertex Cover. Using knapsackcover
inequalitiesfor eachconstraintcorrespondingto an edge
in the generalizedvertex cover problem,we show that the
IP/LP ratio for this formulation is at most 3, and if the
graphis bipartite, this ratio is at most2. Polynomial-time
approximationalgorithmsfollow usingpreviousarguments.

The3-approximationis apparentfrom thefactthatevery
constraintin the integer programmingformulation of this
problem involves node variables from only 2 groups of
nodes.A groupof nodesfor this IP is analogousto a group
of paralleledgesfor the cyclic multigraphproblem. Thus,
Theorem2.4 implies a 3-approximationfor this problem.
If � is bipartite, we obtain a 2-approximationby using
argumentssimilar to thosein theproof of Corollary2.6

2.8 Fixed ChargeNetwork Flow.
We startby consideringthetwo nodegraphwith multi-

ple arcsbetweenthe nodes.Eacharc hasa fixed cost � � � �
anda perunit flow cost Ê=� � � . We wish to selecta setof arcs
with sufficient capacityto routedemand« to minimize the
fixedcostof thearcs,plusthecostof routing « unitsof flow
on thesearcs.

This 2-nodefixed charge network flow problem can
be modelledas an MIP, given below. As with the min
knapsackproblem, the integrality gap for (MIP1) can be
quite large. We introducea modificationof the knapsack
cover inequalitiesfor this problem and show that adding
theseto (MIP1) reducesthe integrality gap to 2. We then
show how to obtaina 2-approximationalgorithmusingthe
ideasin this proof. The 2-nodeMIP canbe generalizedto
arbitrarygraphsandpairwisedemandsasin IP1.



Ë;Ì ÍÏÎÐ Ñ Ò/Ó Ô Õ Ö × Ø�Õ Ö ×�ÙDÚ=Õ Ö × Û-Õ Ö × Ü
ÎÐ Ñ Ò Ú=Õ Ö × Û-Õ Ö ×ÞÝàßá Ö�â'ãlä�åçæèÛ-Õ Ö ×Þæêé=Õ Ö × Ø=Õ Ö ×á Ö�â'ãlä Ø=Õ Ö ×Åâìë å í î ï ð

(MIP1)

Let ñ be an edgesetsuchthat ß5òDé=Õ ñ ×�ó!å . Then
for every partition ë ã�ô í ã�õ ï of the edgeset, the following
inequalities,whichwe call flow cover inequalitiesarevalid.

ö
Ð Ñ Ò�÷ ø ù Û-Õ Ö ×=Ù

ö
Ð Ñ Ò-ú ø ù é ù Õ Ö × Ø=Õ Ö × ÝAßlò�é=Õ ñ × í(2.2)

á ßlòxé=Õ ñ ×�óAå í=ã�ô=û'ã�õ�ü�ý/ð
A differentform of flow cover inequalitieswereintroduced
in a polyhedralstudyof fixed charge problems[29]. They
presentedthemas packing,not covering, inequalities;and
they didnotconsidertheireffectattighteningtheIP/LPratio.

THEOREM 2.10. The integrality gap for 2-node fixed-
chargenetworkflowwith flowcover inequalitiesis 2.

Proof. Let Ø=í Û be the optimal solutionto the LP with flow
cover inequalities. We will show that þ Ø�í þ Û dominatesa
convex combinationof feasiblesolutions. Thus the mini-
mumcostsolutionin thiscombinationhascostatmosttwice
theLP value. Let ñ ä ülë Ö ÿ Û-Õ Ö ×6Ý�é=Õ Ö × � þ ï . We includeall

Ö�â ñ in all integersolutions,andsettheflow valueon such

Ö equalto é=Õ Ö × . This at mostdoublesthecontribution of ñ
to theobjective function.

Supposethereis anedgeÖ�â'ã
� ñ with Ø�Õ Ö × Ý�î � þ and

Û-Õ Ö ×'Ýlé ù Õ Ö × � þ ü5ß'Õ ñ × � þ (since Û-Õ Ö ×�Ý!é=Õ Ö × � þ would
imply Ö�â ñ ). Thensetting Ø=Õ Ö ×�ü4î and Û-Õ Ö ×�üWé ù Õ Ö ×
togetherwith the set ñ yields a feasibleinteger solutionof
cost at most twice the LP value, andwe are done. In the
remainingproof,we assumethis is not thecase.

To distribute the remainingedges,we partition ã into
two sets.Let ã6ôYä ülë Ö ÿ Û-Õ Ö ×���é ù Õ Ö × Ø�Õ Ö × ï , ã õ�ä ü#ã

�
ã�ô .

Let � betheleastcommonmultipleof denominatorsof Ø and

Û�� é ù . We create� feasiblesolutions.For edgesÖYâ�ã6ô
� ñ

we createþ � Û-Õ Ö × � é ù Õ Ö × copies. For edgesÖ�â�ã�õ
� ñ we

create þ � Ø=Õ Ö × copies. The total numberof copiesof any
edgedoesnot exceed � . For this to hold, edgesin ã6ô

� ñ
musthave Û-Õ Ö × � é ù Õ Ö ×6æ#î � þ . Supposethis is not thecase.
Then by the assumptionabove, Ø�Õ Ö ×��wî � þ and we have

Û-Õ Ö × � é ù Õ Ö ×�æqØ�Õ Ö × by the definition of edgeset ã�ô
� ñ .

Usinga similar argument,we have Ø=Õ Ö ×�æ�î � þ for all edges
in ã�õ

� ñ . Orderthe edgesby nonincreasingvaluesof é=Õ Ö ×
andperformthebucketingalgorithm.If edgeÖ is placedin a
bucket,weassociatewith thisedgethecorrespondingvalues

Ø
�
Õ Ö ×6üWî , Û

�
Õ Ö ×�ü�é ù Õ Ö × . The total costof all � solutions

obtainedin this manneris

Î Ð Ñ Ò-÷ ø ù Ó þ � Û-Õ Ö × � é ù Õ Ö × Ü Õ Ú=Õ Ö × Û � Õ Ö ×=Ù�Ô Õ Ö × ×
Ù Î Ð Ñ Ò-ú ø ù Ó þ � Ø�Õ Ö × Ü Õ Ú=Õ Ö × Û � Õ Ö ×�Ù�Ô Õ Ö × ×

æ þ � Ó Î Ð Ñ Ò�÷ ø ù Õ Ú=Õ Ö × Û-Õ Ö ×�ÙDÔ Õ Ö × Ø=Õ Ö × ×
Ù Î Ð Ñ Ò-ú ø ù Õ Ú=Õ Ö × Û-Õ Ö ×�ÙDÔ Õ Ö × Ø=Õ Ö × × Ü

æ þ � Î Ð Ñ Ò�ø ù Õ Ú=Õ Ö × Û-Õ Ö ×�Ù�Ô Õ Ö × Ø�Õ Ö × ×
whichis atmostþ � timesthecontributionof edgesin ã

� ñ to
theLP solutionvalue.Hence,at leastoneof the � solutions
hascostat mosttwice theLP value.

We must now show all solutions are feasible. Let� Õ Ö ×�ä ü Ë;Ì Í ë Û � Õ Ö × í é ù Õ Ö × Ø � Õ Ö × ï . In words, � Õ Ö × is thecon-
tribution of edgeÖ to the flow cover inequalitycorrespond-
ing to ã�ô , ã�õ , and ñ . Note that � Õ Ö ×
	Wé ù Õ Ö × . Our first
observationis thatthedifferencein � Õ Ö × -capacityof any two
bucketsis at most ß!ò�é=Õ ñ × . This holds,asbefore,by the
orderingof the edgesin the bucketingalgorithm,andsince

é=Õ Ö ô ×YÝlé=Õ Ö õ × implies é ù Õ Ö ô ×�Ýlé ù Õ Ö õ × . If somebucket
has � Õ Ö × capacitylessthan ßWòDé=Õ ñ × , thenthe last bucket
does,since this has the least � Õ Ö × -capacity. If the � Õ Ö × -
capacityof the last bucket is lessthan ß5òAé=Õ ñ × , thenall
bucketshave � Õ Ö × -capacitylessthanþ Õ ßxò�é=Õ ñ × × . Summing
over the � Õ Ö × -capacityof all copiesof edgesput in buckets,
this thenimpliesthefollowing inequality:

ö
Ð Ñ Ò-÷ ø ù þ � Û-Õ Ö ×�Ù

ö
Ð Ñ Ò-ú ø ù þ � é ù Õ Ö × Ø�Õ Ö ×�� þ � Õ ßlòxé=Õ ñ × ×

This contradictsÕ Ø=í Û × a solutionto the LP with flow cover
inequalities.Henceall bucketscontainfeasiblesolutions.

To obtaina 2-approximationalgorithm,we needto be
able to separatetheseinequalities. Notice that the proof
of Theorem2.10reliesonly on the fact that the flow cover
inequality is satisfiedfor the set ñ ü5ë Ö ÿ Û-Õ Ö ×�Ýlé=Õ Ö × � þ ï .
Thuswe canperformseparationin thesamemanneraswith
theknapsackcoverinequalities.Similarly, wecanalsoeasily
obtaina approximatesolutionin polynomialtime.

For generalgraphswith onedemandpair, wecanmodel
the fixed charge network flow problem as a capacitated
network designproblem. We introducemultiple copiesof
edges,onefor eachflow amount.This greatlyincreasesthe
sizeof thegraph.Sincewecanonly hopefor anapproximate
solutionanyway, we cancontrol thesizeof this increaseby
addingedgesfor flow quantitiesthatareapowerof Õ î Ù�� × for

��ó!å . Thenour approximationalgorithmsfor capacitated
network designappliedto this problemyield approximation
guaranteesthatincreaseby a factorof � .
3 Solving the LP Efficiently

In thissection,weshow how to find goodsolutionsto capac-
itatedcoveringLP’s in polynomialtimewithoutusingtheel-
lipsoidmethod,providedtheinitial formulation(withoutKC



inequalities)containsapolynomialnumberof constraints.In
the capacitatednetwork designsetting,this correspondsto
graphswith a polynomialnumberof interestingcuts.

To solve LPswith many constraints,asis thecasehere,
it may be more efficient to use a fast approximational-
gorithm insteadof the simplex method,ellipsoid method,
or otherseparation-based,exact solutionprocedure.There
exist polynomial-time,combinatorialmethodsfor approxi-
matelysolving LPs with specialstructureusingseparation
oracles. For example, Plotkin, Shmoys, and Tardos[30]
describesucha methodfor linear programswith all coeffi-
cientsnon-negative, andall inequalities 
 (a packingLP),
or all inequalities � (a covering LP). Recently, Garg and
Könemann[10] describea similar, but simpler procedure.
This finds � -approximatesolutionsto both the primal and
dualproblems,andreliesonanoracleto find amostviolated
inequality, or an � -approximatemostviolated inequalityof
thecoveringproblem.For thesystem��� ��� � ��� ��� ����� � ���  
and a vector !� , a most violated inequality is the row "
minimizing ��# !��$ � # .

We first considertheminimumknapsackproblem.The
argumentsextendto moregeneralcapacitatedcoveringprob-
lemsby examiningthesetof KC inequalitiesfor eachorigi-
nal coveringconstraint.

For LP2, the LP relaxationof IP2, we must find an
inequalityminimizing %'& ( )+* ,.- /�0 & 12 0 ,�1 �+3 4 5 over all choices
of � with 6 3 �7598 � . The KC inequalitiescorresponding
to �;: <=� 49>'?
� �+3 4 5 �=@ $ A  , which we usedpreviously,
arenot in generalthemostviolatedKC inequalities.Indeed,
it is not hard to constructexamplesfor which using them
in the Garg-Könemannalgorithm insteadof most violated
inequalitieswill not leadto � -approximateLP solutions.

To find a most-violatedinequality for the minimum
knapsackproblem,we fix � to a valuein B @ � 6�C , andsearch
for a setof edges� that satisfies6 3 �75D< � andthat min-

imizes %'& ( )+* ,.- E 0 & 1F �G3 4 5 , where H F 3 4 5I: <=��� ��� H 3 4 5 � �  .
For fixed � , eachedgehasa weight J 3 4 5K: < - E 0 & 1F �+3 4 5 and
acapacityH 3 4 5 . Weseekaminimum-weightsubsetof edges
of totalcapacityat leastLDM�� , whereL : < % & ( ) H 3 4 5 . This
is exactlyaminimumknapsackproblem,for which thereex-
istsanFPTAS [19].

We now reducethe numberof calls to the knapsack
cover FPTAS from 6 to somethingpolynomialin the input
size. Let ��N denotethe set of edgesthat yields the most
violated inequality. Let � N�< 6 3 ��N 5 . Supposenow that
we don’t look for violatedinequalitiesfor all valuesof � <6 3 �75 in theset B @ � 6DC , but only for aselectedsubset.If there

is a �

'� N in our setsuchthat %'& ( )+* ,+O�- E 0 & 1F �+3 4 5 
 3 @�P
� 5 % & ( )+* , O7- E O 0 & 1F O �+3 4 5 , then the most violated inequality
we find when we fix � will be at least this violated, and

hencean � -approximatemostviolatedinequality. Sincefor

�Q
R� N , - E 0 & 1F �S- E O 0 & 1F O and this inequality is least tight

when H F 3 4 5K< H F O 3 4 5 , we have that - E 0 & 1F 
 3 @7P�� 5 - E O 0 & 1F O
whenever ���T� N $ 3 @7P'� 5 . Thus,to find an � -approximate
mostviolatedinequality, it sufficesto restrictour searchto
valuesof � in ��U 3 @VP�� 5 W XK� Y�< � � @ � Z Z Z�� U [ \ ] ^ _+` 6 X  . This
reducesthe numberof iterationsof the dynamicprogram
from 6 to

^ ` [ \ ] 6 .
TheGarg andKönemann’s FPTAS for solving positive

packing LPs requires a 3 � b�c d 5 most-violated-inequality-
subroutinecalls. Thus the correspondingFPTAS for solv-
ing our LP requiresa 3 � b�e d 3 [ \ ] 6 5 f�3 d�� � 5 5 time, wheref�3 d�� � 5 is thetime requiredto obtainan � -approximateso-
lution to a minimum knapsackproblemon d items. For
capacitatedcoveringproblems,this runtimeis multiplied by
thenumberof original coveringconstraints.

4 Outerplanar Graphs

In this section,we give a pseudopolynomial-timedynamic
programandcorrespondingFPTAS for the 3 g � h 5 -capacitated
network designproblemon outerplanarmultigraphs. This
problemis NP-completesinceit generalizesthe minimum
knapsackproblem.SchwarzandKrumke[32] giveaFPTAS
for the 3 g � h 5 capacitatednetwork designproblemon series
parallelgraphswhen g and h are the two endpoints. Their
algorithmusesdynamicprogramming,movinguptheseries-
paralleldecompositiontree. Our result is not subsumedby
this algorithmsincewe allow g and h to be any two nodes
onanouterplanargraph(wheresuchdecompositiontreesdo
notexist).

The dynamicprogramfor outerplanargraphsproceeds
asfollows. Consideranouterplanarembeddingof thegraphi

from which the multigraphis derived. If g and h arenot
biconnected,theproblemeasilypartitionsinto two or more
smaller parts whosesolutionsare easily combinedinto a
solution for the whole. Therefore,we canassumewithout
lossof generalitythat g and h arebiconnected.Furthermore,
thebiconnectedcomponentsnot containingboth g and h can
beignored.

Considerthebiconnectedcomponentj containingbothg and h . Since
i

is outerplanar, j mustbe a cycle k with
chords.If theedge 3 g � h 5 exists, j is series-parallel,andwe
canusethe dynamicprogramandFPTAS of Schwarz and
Krumke. Otherwise,theverticesg and h partition k'M � g � h  
into anupperpath l anda lowerpath m .

In generalit is challengingto find anorderin which to
processtheverticesfor standarddynamicprogramming.We
transformthe graphto an equivalent form wheredynamic
programmingis easy. Replaceeachvertex n W ( JVo ) in l ( m )
adjacentto verticesin both l and m by a path l W ( m�o ) of
lengthequalto thenumberof verticesin m ( l ) to which n W
( JVo ) is adjacent.Give theedgesin l W ( m�o ) capacity6 and



costzero.Eachvertex in pGq ( r�s ) becomesanendpointof an
edgeoriginally adjacentto t q (u�s ). Thereis only oneway to
assignedgesto verticeswhile preservingouterplanarity.

The dynamic program processeseach edge v t q w uVs x
(where t q7y�p and u�sDy�r ) in orderfrom z to { . For each
suchedge,we computea minimum-costsolutionthatroutes| q demandto t q and}�~ | q demandto u�s for

| qG��� w � � ��w } .
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