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Abstract

In the survivablenetworkdesignproblem(SNDP) given
anundirectedgraphandvaluesr;; for ead pair of vertices
i and j, we attemptto find a minimum-cossubgiaph sut
that there are r;; disjoint pathsbetweerverticesi and j.
In the edge connectedrersion of this problem(EC-SNDP),
thesepathsmustbe edge-disjoint. In the vertex connected
versionoftheproblem(VC-SNDP)thepathsmustbevertex
disjoint. Jain et al. [12] proposea version of the problem
intermediatein difficulty to thesetwo, called the element
connectivityproblem(ELC-SNDRor ELC).In thisproblem,
the setof verticesis partitionedinto terminalsand nonter
minals. Theedgesandnonterminalof thegraphare called
elementsThevaluesr;; are only specifiedor pairs of ter-
minalsi, j, and the pathsfrom to 5 mustbe elementdis-
joint. Thusif r;; — 1 elementdail, terminalsi andj are still
connectedy a pathin thenetwork.

Thesevariants of SNDPare all knownto be NP-had.
Thebestknownapproximationalgorithmfor the EC-SNDP
hasperformanceguaranteeof 2 (dueto Jain [11]), andit-
eratively roundssolutionsto a linear programmingrelax-
ation of the problem. ELC has a primal-dual O(log k)-
approximationalgorithm, whee k¥ = max; ; r;; (Jain et
al. [12]). VC-SNDPis notknownto havea non-trivial ap-
proximationalgorithm; however, recentlyFleischer[7] has
shownhow to extendthe techniqueof Jain [11] to give a
2-appioximationalgorithmin the casethatr;; € {0,1, 2}.
Shealso showsthat the sametecniqueswill not work for
VC-SNDPfor more geneal valuesof r;;.

In this paperwe showthat thesetedhniquescan be ex-
tendedto a 2-approximationalgorithmfor ELC. Thisgives
the first constantapproximation algorithm for a geneal
survivablenetworkdesignproblemwhich allows nodefail-
ures.
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1 Introduction

In thesurvivablenetwork designproblem(SNDP),given
anundirectedgraphandvaluesr;; for eachpair of vertices
i andj, we attemptto find a minimum-costsubgraphsuch
that thereare r;; disjoint pathsbetweenverticesi and j.
In the edgeconnectedersionof this problem(EC-SNDP),
thesepathsmustbe edgedisjoint. In the vertex connected
versionof the problem(VC-SNDP),the pathsmustbever
tex disjoint. Jainetal. [12] proposea versionof the prob-
lem intermediatein difficulty to thesetwo, called the el-
ementconnectivityproblem(ELC-SNDR or ELC). In this
problem,thesetof verticesis partitionedinto terminalsand
nonterminals The edgesandnonterminalf the graphare
calledelements Thevaluesr;; areonly specifiedfor pairs
of terminalsi, j, andthe pathsfrom ¢ to 5 mustbe element
disjoint. Thusif r;; — 1 elementdail, terminals; andj are
still connectedy a pathin the network.

The motivation for studyingelementconnectity is the
following: in realnetworks, both edgeqlinks) andvertices
(routers)fail. However, typically network terminals(end
hosts)aremorerobustandlocatedat the fringesof the net-
work. Thusthefailure of endhostsis uncommonandless
vital to the connectvity of the network asa whole. Addi-
tionally, vertex connectvity problemsare much lesswell
understoodthan edge connectvity problems. Thus, try-
ing to capturenodefailuresby usinga vertex connectvity
model makes the problem much more difficult. Element
connectvity allowsthemodelingof nodefailures,while, as
we will shaw in this paper it sharessomeof the nice struc-
turethatedgeconnectvity problemshave.

Thethreevariantsof thesurvivablenetwork designprob-
lem areall NP-hard,sincethey all includethe Steinertree
problem as a specialcase. Hencewe considerapproxi-
mation algorithms for theseproblems. We say we have
a p-approximationalgorithm for a problemif we have a



polynomial-time algorithm which producesa solution of
value no more than p timesthe value of an optimal solu-
tion.

The bestapproximatioralgorithmfor EC-SNDPknown
is a 2-approximationalgorithm dueto Jain[11]. This al-
gorithm improved upona primal-dual2 Hi-approximation
algorithmfor EC-SNDPof Goemanst al. [9], wherek =
max; ; r; andHy, = 14 § + --- 4+ 1. Jainsalgorithmis
in factsomavhatmoregeneralandgivesanalgorithmwith
performanceguarantee for selectinga minimum-costset
of edgessuchthatatleastg(S) edgesareselectedrom ev-
erycuté(S) = {(u,v) € E:u € S,v ¢ S}, wheng is
a weakly supermodulafunction [9]. The algorithmruns
in polynomial time given the existenceof a polynomial-
time separatioralgorithm. The EC-SNDPproblemcorre-
spondsgo a particularweakly supermodulafunction f, and
thepolynomial-timeseparatiomlgorithmexistsin thiscase.
Jainconsidersa linearprogrammingelaxationof the prob-
lemwhich hasavariablez(e) for eachedgee of thegraph.
Thecentralresultof thepapelis atheorenshowving thatary
basicsolutionto theLP will containavariablez(e) of value
atleast1/2. His algorithmbuilds up a solution by solving
the linear programmingrelaxation,addingto the solution
all edgese with z(e) > 1/2, theniteratingon the remain-
ing subproblemRoundingup eachz(e) from 1/2to 1 gives
theperformanceyuarante®f 2 for thealgorithm.

No non-trivial approximatioralgorithmfor VC-SNDPis
currentlyknown. However, approximationalgorithmsare
knownin specialcasesin thecaser;; = k for all 4, §, there
is a k-approximationalgorithmdueto Kortsarzand Nutov
[14];* furthermore,when edgecostsobey the triangle in-
equality Khuller and Ragarachari[13] give a constantap-
proximationalgorithm. Very recently Cheriyan,Vempala,
and Vetta[3] announceda 6 H-approximationalgorithm
for this problemfor graphghatcontainatleast6k? vertices.
In the caser;; € {0,1,2}, Ravi andWilliamson[15] give
a primal-dual3-approximatioralgorithm. Recently Fleis-
cher[7] shovedhow to extendthe algorithmandthe proof
of Jainfor EC-SNDPto this specialcaseof VC-SNDR ob-
taininga 2-approximatioralgorithm.

Ourcentralresultis ageneralizatiorof Jains theorento
anew classof functionswe call weaklytwo-supermodular
This allows usto give a 2-approximatioralgorithmfor the
problemof selectinga minimum-costsetof edgessuchthat
thereareleastf (S, S') edgesfrom 4(S,S") = {(u,v) €
E:u e S,v €S8} whenf is aweaklytwo-supermodular
function, and a polynomial-timeseparatioralgorithm ex-
ists. This resultspecializego Jains resultexactly in the
casethat f(S, S") is only non-zerowhenS’ = V — §S. In
this caseg(S) = f(S,V — S) is aweakly supermodular

1Ravi and Williamson [15] had claimeda 2H,-approximationalgo-
rithm for the caseof generalkedgecosts but thereis anerrorin their paper;
seg[16] for details.

function. The weakly two-supermodulafunctionsare re-
lated to bisupermodulafunctions, which are the negative
of bisubmodulafunctions.Bisubmodularfunctionsappear
asincreasingrank functionsin [17], andin more general
formin [8].2

As an application of our theorem, we give a 2-
approximatioralgorithmfor theelementonnectvity prob-
lem. This improveson a previously known primal-dual
2 Hy-approximationalgorithm for ELC dueto Jain et al.
[12] (a 2H-approximationalgorithmfor ELC is alsoob-
tained as a special caseof an algorithm by Zhao, Nag-
amochi, and Ibaraki [19]). Our algorithm gives the first
constantapproximationalgorithmfor a generalsurvivable
network designproblemwhich allows nodefailures. To
achievethisresult,weintroduceanew integerprogramming
formulationfor the elementconnectvity problem,derived
from aformulationof VC-SNDPdueto Stoer[18].

The connectvity requiremenfunctionsfor generalver
tex connectvity are not weakly two-supermodular Thus
ourtheoremdoesnot applyto theseproblems.In fact,such
atheoremis not possiblefor generalvertex connectvity, as
demonstrateth afamily of examplesdevelopedby thefirst
authorin [7]. Sheshaws that thereexist a family of ver-
tex connectvity probleminstance®f wherethereis abasic
solutionwith z < 1/+/]E].

In relatedwork, Cheriyanand Vempala[2] have also
consideredproblemsof selectinga minimum-costset of
edgedrom pairsof sets,but in the caseof directedgraphs.
In their problems,onemustselectf (S, S') edgesof those
edgesdirectedfrom a vertex in S to avertex in S’. They
considercrossingbisupermodulafunctions(a generaliza-
tion of bisupermodulafunctions),andshow ary basicso-
lution to thecorrespondind.P relaxationcontainsanedgee
suchthatz(e) > Q(1/+/]E|). Thismodelincludesuniform
vertex connectvity asa specialcase,but doesnotinclude
generalertex connectvity. They alsoshaw thatthisis the
bestpossibleresultfor theirgeneraimodel,in thesensehat
thereexists a family of functions f and probleminstances
for which thereis a basicsolutionwith z < O(1/+/|E).

Our paperis structuredasfollows. In Section2, we in-
troducesomenotationthatwe will be using,review Jain’s
theoremandstateour maintheoremsln Section3, we give
the integer programmingformulation for ELC, and shov
that our main theoremgives a 2-approximationalgorithm
for this problem.Section4 containghe proof of our central
theorem. Section5 discussesomeimplementationissues
for the 2-approximatioralgorithmfor ELC.

2The term “bisubmodular”is usedwith several differentmeaningsin
the combinatorialliterature. The onewe referto is definedin the context
of connectrity problems. A seconddefinition is usedin the context of
extensionsof matchingproblemd1, 6] andis not equivalentto thefirst.



2 Preiminaries

Let G = (V, E) beanundirectedgraph. Let c(e) bea
nonngative costfor eache € E. Let§(S) = {(u,v) €
E:ue€ Své¢S} Letd(s,S') = {(u,v) € E:u €
S,v € S'}. In this paper we will only referto 6(S,S")
whenS N S’ = (). Forasetof edgesF C E, letdr(S) =
§(S)N F anddx(S,8") = 6(S,8") N F. Forz € RI¥l, we
letz(S) =3 cs5) Te ANAZ(S, S') = 3o c5(5,57) Te- L€
g: 2V — N. Considetthefollowing integerprogram:

min ) g cle)z(e)

s.t. z(8) > g(8), VScV
z(e) € {0,1}, VecE.
(EC — SNDP)

Thevariablez(e) indicateswhetheranedgee is in the so-
lution (if z(e) = 1) or not. Thusanoptimal solutionto this
integerprogramfindsaminimum-costetof edgesuchthat
thereare at leastg(S) edgesselectedrom §(S) for each
S C V. Wheng(S) = max;cs,j¢57ij, anoptimalsolution
to this integer programgivesthe solutionto the EC-SNDP
problem. This is not hardto see,sincefor ary i, € V,
theremustbeatleastr;; edgesselectedrom eachcutd(S)
separating from j; thus,thereareatleastr;; edge-disjoint
pathsfrom i to j.

We saythat g is a weaklysupermodularfunction if for
ary setsS, T C V,

9(S) + 9(T)
< max{g(SUT)+g(SNT),g9(S-T)+g(T -9}

It is not hardto prove thatthefunctionabove for EC-SNDP
is weakly supermodulaf9].

The maintheoremof Jain's paper[11] concernghelin-
earprogrammingelaxationof theintegerprogram(EC —
SNDP) in which theintegrality constraintsz(e) € {0,1}
are replacedby linear constraints0 < z(e) < 1. The
theoremstatesthat ary basicsolutior? to this linear pro-
gram containssomeedgee suchthatz(e) > 1/2. Even
thoughthe linear programcontainsan exponentialnumber
of constraintsa basic,optimal solutionto this linear pro-
gramcanbe foundin polynomialtime aslong asthereex-
istsa polynomial-timesepaation oracle[10]. Givenary z,
a separatiororacleeitherverifiesthat z is a feasiblesolu-
tion to thelinear programor returnsa constraintof the LP
violatedby z.

Given a polynomial-time separationoracle, the 2-
approximationalgorithm of [11] works as follows. We
start with an empty setof edgesF = (. We solve the

SWe referthe readerunfamiliar with the concepiof a basicsolutionof
a linear programto a standardextbook on linear programming suchas
Chvwatal[4]. It is suficientto saythatthereexists anoptimal solutionthat
is basic,andthatit canbefoundin polynomialtime.

linear programmingrelaxation of the problem, and add
to F' all edgese suchthatz(e) > 1/2. We theniter-
ate, now solving the linear programmingrelaxationwith
g'(S) = g(S) — |6r(S)|. It is not hardto show thatif g
is weakly supermodulatthensois g'. Thealgorithmtermi-
nateswhenF is a feasiblesolutionto the problem. Essen-
tially the proof of the performanceyuarantee&eompareghe
costof the edgesaddedto F' in eachiterationwith its cost
in the linear programmingrelaxation. Sincez(e) > 1/2,
its costis no more than twice its contribution to the lin-
earprogrammingrelaxation. Furthermoresincethe linear
programmingelaxationis a lower boundon the costof an
optimalintegral solution, this implies thatthe costof F' is
no morethantwice optimal. It is easyto give a polynomial-
time separatiomraclefor thefunctiong(S) thatdefinesEC-
SNDP (and for functionsg’ that arisein later iterations);
thusthis algorithmis a 2-approximatioralgorithmfor EC-
SNDR

To stateour centralresult, we first needa few defini-
tions. Thefollowing definitionsgeneralizéheone-sefunc-
tion notionsof submodularity supermodularityand weak
supermodularityand are relatedto the two-setnotionsof
bisubmodularityandbisupermodularityA two-setfunction
f definedon the setof pairs of disjoint subsetof V that
satisfies

f(8,8") + f(T,T") 1)
>max{ f(SUT,SNT)+f(SNT,S'UT'),
FSnT,S'uT)+ f(S'NT,SuUT)}

will be called two-submodular A two-setfunction f is
calledbisubmodularif it obeys only the “first part” of the
inequality namely

£(S, 8+ £(T,T") > f(SUT, S'NT")+ F(SNT, S'UT").

If weletS" = V—-SandT' = V — T, then two-
submodularityeducego submodularityfor symmetricone-
setfunctions.

If —f is two-submodulgrthen f is two-supermodular
This definitionis equivalentto replacing> with < andmax
with min in the above definition. A two-setfunction f is
weaklytwo-supermodulaif

f(8,8") + f(T,T") 2
<max{ f(SUT,S'NT)+ f(SNT,S'UT), (3)
F(SNT',S'UT) + f(S'NT,SUT') ¥4)

Thatis, we simplyreversetheinequalityfrom our definition
of two-submodulafunctions,withoutreplacingthemax by
amin. If weletS’ =V — Sand7T’ =V — T, weaktwo-
supermodularityeducego weaksupermodularity

We considetthefollowing linearprogram for afunction



f:2VXV 4 N, andQ C V:

min ) g cle)z(e)

s.t. z(S,8') > f(S,5),
VS, 8'cV,SnS" =40,
V-8-8cCqQ
0<z(e) < 1, Ve € E.
(WTS)

We cannow stateour centraltheorem which we prove
in Section4.

Theorem 2.1 For any weaklytwo-supermodularfunction
f,anybasicsolutionto (WTS) hasat leastonevariablee
sudthatz(e) > 1/2.

Givena polynomial-timeseparatiororaclefor (WTS),
we can give a 2-approximationalgorithm for solving the
integer programassociateavith (W'TS). Thealgorithmis
thesameasJain’s algorithmgivenabove. First, we find an
optimal, basicsolutionz* to (W'TS). Let F bethe setof
all edgese with z*(e) > 1/2. Let E,.., = E — F, and
considertheresultingresidualLP:

min Yeep,,, cle)ae)
st 2(S,8) > f(5,8) - |6s(S, )],
vVS8,8 cV,SnS =0,
V-§-58cCq@
Ve € E, s
(RES)

0<z(e) < 1,

Let F..s bethesetof edgeseturnedby recursvely apply-
ing the algorithmto the residualproblem. The following
theoremshowsthatthefinal setof edgegeturnedby theal-
gorithmis within a factorof 2 of an optimal solution. Let
z¥ . betheoptimalvalue of theresidualLP andz* bethe

res

optimalvalueof (WTS).

Theorem 2.2 If F,., is anintegral solutionto (RES) with
valueat most2z?, , thenF,.., U F' is anintegral solutionto

res?

(W'TS) with valueat most2z*.

Proof: (Sketch.)Follows from sameargumentsasin [11].
|
In orderto apply the algorithmrecursvely, we needto
shaw thefollowing lemmas.

Lemma 2.3 The functions h(S5,5') = |0r(S5,5")| and
z(S, 8") are two-submodular

Proof: Theproofsin bothcasegollow from asimplecount-
ing agumentthatshavsthatary edgecountedontheright-
handsideof (1) alsoappear®n theleft-handside. |

Lemma 24 If f is weaklytwo-supermodulaandg is two-
submodularthenf — g is weaklytwo-supermodular

Proof: Whichever term of the definition of weak two-
supermodularity (3) and (4) achieves the maximum,
—g(5,8") — g(T,T") satisfiesthe sameinequality by (1).
Hence(f —g)(S, ")+ (f —g)(T, T") satisfieghisinequal-
ity. |

Corollary 25 If f is weakly two-supermodular then
the function f(S,5") — |6r(S,S")| is also weakly two-
supermodulafor anysetof edgesF C E.

Theargumentsabove yield thefollowing theorem.

Theorem 2.6 Given a polynomial-timesepaation oracle
for (WTS) and (RES), the algorithm above is a 2-
appoximationalgorithm for finding the minimum-costn-
teger solutionto (WTS).

In the next section,we shav how the elementsurvivable
network designproblemcanbeposedasfinding anoptimal
solutionto an integer programof the form (W'TS) with
a particularweakly two-supermodulafunction f. In Sec-
tion 5 we shaow thatthereis a polynomial-timealgorithm
for finding violatedconstraintof (WTS) and(RES) that
arisein the executionof the algorithm with this function
f. Thus by Theorem?2.6, the algorithm above is a 2-
approximatioralgorithmfor ELC.

3 Formulation of ELC

We now turn to an integer programmingformulation
for the ELC problem,and show thatit canbe castin the
form of the integerversionof (WTS) with a weakly two-
supermodulafunction.

We begin by defining somenotation. We partition V
into R and @), where R is the set of terminals (or re-
quired vertices)and @ is the set of nonterminals. This
set() of nonterminalswill be the setof vertices( in the
definition of the LP (WTS). GivenS C V, we define
E(S) asthe setof edgeswith both endpointsin S. Given
X Cc EuV,defineG — X to bethatgraphobtainedfrom
G by removing all edgesandverticesin X, andall edgesn
(X NVYUE(XNV). WesaythatX sepaatesi from j if
i andj arenotin thesameconnectedomponentf G — X.

The constraintsof our integer programare basedon a
theoremof Menger (for multiple proofs and references,
see[5]).

Theorem 3.1 (Menger) LetG = (V, E) bea graph,and
s,t € V sudthat (s,t) ¢ E. Then,the minimumnumber
of verticessepaating s fromt in G is equalto themaximum
numberof vertex disjoint pathsfroms to ¢ in G.

Corollary 3.2 LetG = (V, E) beagraph,withV = R U
Q, RN Q = 0 ands,t € R. Then,the minimumnumber



of elementsn E U @ sepaating s fromt in G is equalto
the maximumnumberof elementdisjoint pathsfrom s to ¢
inG. [ |

Letr;; denotetheelementonnectiity requirementde-
tweenary pair of terminalsé,j € R. Our corollary to
MengerstheoremsaysthatG satisfiegheelementonnec-
tivity requirementsf for everysubsetX C EUQ — {i,5}
with | X| < 75, ¢ andj arein the sameconnecteccom-
ponentof G — X. For ary two disjoint subsetsS, S’ C
V', with all remainingverticesbeingnonterminalgthatis,
V -8 -8 C Q), we definethe two-setfunction f,. by
(5,8 :=max{r;;|li € SNR,j € 8N R}. Weassume
that f.(S, S") is undefinedif S and S’ are not disjoint or
if V—-5-8 ¢& Q. Wefurtherassumehatr;; € Z for
all,j € R, andthat f,.(S,S’) = 0 if eitherS or S’ is the
emptysetandis otherwisewell-defined.

Since there may be at most one element-disjointpath
from S to S’ througheachvertex in V. — § — S8, in or-
derto have a feasiblesolutionto the elementconnectvity
problem,the numberof edgesfrom S to S’ musttherefore
beatleastf.(S,5") — |V — 5 — §'|. Thuswe definethe
two-setfunctiong, by g.(S5, 8') = f-(S,8)—-|V-5-5"].
Thefollowing lemmais a simpleconsequencef Corollary
3.2.

Lemma 3.3 Thesetof integral solutionsto theLP (WTS)
with the function f = g, equalsthe setof solutionsto the
correspondingelementonnectivityproblem. |

In orderto showv that Theorem2.1 appliesto this lin-
ear programmingformulation, we needto show thatg, is
aweakly two-supermodulafunction. We begin with some
notation.Given(S, S’), thereisapairi € SNR,j € S'NR
that determinesf,.(5,S’). Let (S, S") denoteonesuchi
and; (S, S") denotethecorresponding.

Lemma 3.4 The two-set function f. is weakly two-
supermodular

Proof: Beforewe canstartthe proof, we needto arguethat
the function value f,. is well-definedon the argumentsof
fr usedin the definition of weakly two-supermodularWe
assumehatS andS’ aredisjoint, that7 and7” aredisjoint,
thatV —S—-5' C Q,andthatV —T-T' C . Weneedo
show (for example)that f,.(SN T, S" UT") is well-defined.
First, S N T andS’ U T" aredisjoint becausery element
in S is notin S’ andary elementin T is notin 7", sothat
ary elementin S N T cannotbein S’ U T'. Secondwe
needto shav thatary elementotin (SNT) U (S’ UT")
mustbein @. Thisfollows sinceary elementnotin these
two setsmustbein eitherV — S — T — §' — T" (andthus
is certainlyin Q) or S — T' — T (andthusin V — T — T",
which implies membershipn Q) or 7' — S — S’ (andthus

inV — 8§ -5, whichimpliesmembershipn Q). Theother
casesresimilar.

We now show that f,. is weakly two-supermodularFor
ary pair (T, T"), notethatsinceV — T' — T” containsonly
nonterminalsi(S,S’) € (SNTYU(SNT') andj(S,S") €
('NnTHyu(S'nT").

Call setsS N T and S’ N T’ complements,and sets
SNT and & N T complements. The setI =
{i(S,8",i(T,T"),5(5,8"),5(T,T")} intersectdwo, three,
or all four of thesesets.If only two, thenthesetwo setsare
complementsf(S,S") = f(T,T"), andeither (4) or (3)
holds,dependingon the setof complementslf I intersects
threesets thentwo of thesearecomplementsvith theprop-
erty thata requiremenvertex for (S, S’) is containedn at
leastonesetof the complementaryair, anda requirement
vertex for (T',T") is containedin the complementarset.
Thustheinequalityof (4) or (3) correspondingo this com-
plementarypair holds.Finally, we have thecasewhenI in-
tersectsall four sets.In this case selectthe complementary
pair that containsa requirementvertex of pair (¢, ) with
ri; = max{f(S,5"), f(T,T")}. Thentheinequalitythat
correspondso this complementaryair holds. |

Lemma 3.5 Thetwo-setfunctiong, (S, S') is weaklytwo-
supermodular

Proof: The function h(S,S") = |V — 8§ — §’| is two-

submodularandsatisfieq1) with equality Thusby Lemma

24,f.(5,8) — |V - S - 5| is weaklytwo-supermodular
|

4  Proof of the main theorem

We now turnto the proof of our maintheorem;Theorem
2.1.Ourbasicproofoutlinefollowsthatof Jain[11]. Before
we can sketch the proof outline, we needto definesome
terms. We saythat a pair of setsS, T crossif all threeof
SNT,S—T,andT — S arenonempty A collectionof sets
is laminar if no pair of setsin thecollectioncross.Givena
feasiblesolutionz to the LP (EC — SNDP), we saythat
the constraintcorrespondingo the setS < V is tight if
z(S) = f(S). The proofin [11] shaws first if a pair of
tight setsS andT cross,theneitherS U T andS N T are
tight, or S — T andT — S aretight. Furthermorethere
is a linear relationshipbetweernthe edgeswith exactly one
endpointin thesesets. This “uncrossinglemma” is used
to prove thatthereexists a basicsolutioncorrespondingo
a laminar collection of tight sets. This laminar collection
definesa partial orderon the setsof the collectionvia the
subsetrelation. This posethasa forest structure,andthe
forestis usedto prove the existenceof an edgeof valueat
least1/2.

Here we prove analoguesof the uncrossinglemma
(Lemma4.1) andthe laminarbasislemma(Corollary 4.4).



We thendefinean analogougosetof a laminarcollection
which hasa foreststructure(Lemmas4.6,4.7,4.8). Given
theforest,we invoke a lemmafrom [11] to prove the exis-
tenceof the edgee with z(e) > 1/2. The centraltechnical
difficulty liesin deriving theappropriateanalogf thecon-
ceptsof “cross”, “laminar”, andtheposetwhendealingwith

pairsof sets;andin definingthe appropriateanalogof “in-

cidence”sothata chaging argumentsimilar to thatin [11]

works. Additionally, proofsthatarequite simplein the sin-
gle setworld becomenon-trivial in the pairsof setsworld

(e.g.Lemma4.2).

We now begin the proof. Let z be a feasiblesolutionto
(WTS) for aweakly two-supermodulafunction f. A set
pair (S, 8%) is tight if z(S,S") = f(S,S5’). In particular
we will beinterestedn the casewhenz is a basicsolution
to (WTS) with the propertythatz(e) < 1foralle € E
(sinceotherwiseTheorem2.1 holdstrivially). In this case,
we define E,; to bethe setof edgeswith nonzeroz-value.
Givenz, definex, (S, S') € {0,1}”! to bethecharacteris
tic vectorof the supportof z(.5, 5').

Lemma4.1 (Uncrossing Lemma) If (S,5") and (T,T")
are tight for a weaklytwo supermodularfunction f with
respecto z, thenoneof thefollowing holds.

i (SNT,8"UTyand(SUT,S NnT") aretight,and
Xz (S, 8+ xz(T,T") = xx(SUT,S'NT") + x, (SN
T,5'uT",

i. (SNT,8'uT)yand(S'NT,SUT’)aretightand
Xz(S, 8 +xe (T, T") = x(SNT', S"UT) +x(5'N
T,SuT").

Proof: Becausef is weakly two-supermodulareither
(3) or (4) holdsfor (S,S8") and (T, T"); suppos€3) holds,
andf(S,8")+f(T,T") < f(SUT,S'NT")+ f(SNT,S'U
T") (the othercaseis similar). We know that z(S, 5") is
two-submodulaby Lemma2.3. Let k(S, S’) = f(S,S5’) —
z(S,8"). Thush(S,S") + (T, T") < R(SUT,S8'NT") +
h(SNT,S"UuT'). By thefeasibility of z, z(X,X") >
f(X,X"), sothath(X, X") < 0 for all setpairs(X, X').
For (S, S") and(T,T") thataretight for f with respecto
z, h(S,S") = h(T,T") = 0. Thuswe know h(S, S") +
h(T,T") = 0,h(SUT, S8'NT") < 0,andh(SNT, S'UT") <
0, soit mustbethecasethath(SUT,S' NT') = h(SN
T,S'UT") =0,and(SUT, S'NT")yand(SNT, S'UT") are
tight. It is not hardto shaw that x, (S, §") + x.(T,T") >
xz(SUT, S'NT")+x,(SNT, S'NT") by shawving thatevery
edgethat appearsn the right-handside of the inequality
must appearin the left-handside. We needto shav that
equality holds; supposenot, and supposehe inequality is
strict. It thenfollows thatz(S,S") + z(T,T") > =(S U
T,NT)+z(SNT,S' NnT"). Butthen0 = h(S,S") +
(T, T < A(SUT,S'NTHY+h(SNT,S"UT")=0,a
contradiction. |

We definearelation< onsetpairshy (S, S") < (T,T")
if § C T'andS’ O T". It is easyto checkthatthisrelationis
transitive, reflexive, andanti-symmetricandhencedefines
a partial order We say that the pairs (S, S*) and (T',T")
pair-crossif they do not satisfyeitherof thefollowing two
conditions: (1) (S,S") and (T',T") are comparabldn the
partialorder(thatis, either(S, §") < (T, T") orviceversa);
(2) § € T" andT C S'. A collection£ of pairs(S, S') is
calledpair-laminarif notwo pairsin £ pair-cross.

It is importantto notethatthis definitionis not symmet-
ric: It is possiblethat (S, S') and(T', T") do not paircross
while (8’,5) and (7", T do pair-cross. In this case,the
uncrossingemmaappliedto (S’,S) and (77, T) will re-
turn (S, S') and (T, T"). This asymmetryis necessaryn
thefollowing sense:if we usea perhapamorenaturaldef-
inition of crossingthatdefinestwo setpairsto crossif ary
two of their definingsetscross thenit maybethe casethat
we have crossingsetpairs, but that after applyingthe un-
crossinglemma, we remainwith the sametwo set pairs.
For instanceconsiderthe casewhenT" C S, but S andT"
cross.ThishappensvhenSZT'UT". In thiscasegcondition
(i) of theuncrossingemmadoesnothold,asS' NT = §;
but condition(i) of theuncrossingemmadoeshold. How-
ever, SUT = SandSNT = T, sothatthe sametwo
setpairsarereturnedafter applyingthe uncrossingemma.
Thuswe mustrelaxthis definition sothatevery application
of the uncrossingemmayields two setpairswhich do not
pair-cross.We cannotrelaxit too much,however, sincewe
requirespecificpropertiesof pairlaminarin orderto obtain
ourresult.In particular apair-laminarcollectionof setpairs
mustdefinea posetwhich hasa foreststructure.We prove
thatthisis thecasein Lemma4.6. The secondconditionof
pair-crossis alsousedcritically in Lemma4.7.

The following technicallemmais centralto the validity
of our main theorem. The proof containsmary casese-
causehedefinition of pair-crossis not symmetric.

Lemma4.2 Let (S,5’) and (T,T") be pairs that pair-
cross. If (X, X’) doesnot pair-cross either (S5, S’) or
(T, T"), thenit doesnot pair-crossanyof the pairs:
a(sSnT,s'uTh,

b: (SUT,S'nT"),

c(SnT,5'uT),

d: (8'nT,s5uT").

Proof: We notethatif (S,5") < (X, X’) thenit follows
immediatelythat(SNT,S'UT") < (5,5") < (X,X")and
that(SNT',S'UT) < (S,9) < (X, X'),; thatis, (X, X')
doesnot pair-crossa or ¢. Similarly, if (5,5") > (X, X")
then(SUT,S'NT") > (5,5") > (X,X'), and (X, X")
doesnotpaircross(S'NT, SUT’) sinceS'NT C 8’ C X'
andX C S C SUT’, andthus(X, X’) doesnot pair-cross
b ord. Similarly, if (T,7") < (X,X’)then(SNT,S" U
™ < (X, XYand(8'NnT,SUT") < (X,X"), sothat



(X, X") doesnot paircrossa or d. If (T, T") > (X, X’)
then(SUT,S'NT") > (X, X’") and(X, X') doesnot pair
cross(SNT", 8" UT)sinceX CS’UTandSNT' C X',
sothat(X, X’) doesnotpaircrossh or c.

We now exhaustvely enumeratecases. If both
(5,9, (T, T") < (X,X"), thenby theabore (X, X') does
not pair-crossa, ¢, or d. Furthermoreit doesnot pair-cross
b sinceweknow S,T C X andS’,T' O X', andtherefore
(SUT,8'NT" < (X, X").

If both (S,5"), (T, T') > (X,X'), thenby the above
(X, X') doesnot pair-crossb, ¢, or d. It doesnot pair-cross
asinceweknow S,7 D X andS’,T' C X' andtherefore
(SNT,5"uT") > (X, X").

Thecase(S,S5') < (X,X') < (T,T') or thereverse
cannotoccurbecausehis implies that (S, S') and (T, T")
do not pair-cross contradictingthe hypothesis.

Note thatbecausdS, S') and(T,T") pair-cross,it can-
not be the casethat (S, 5") < (X,X') andX C T and
T C X' sincethis impliesthatS C T’ andT C S'.
Similarly, this casewith (S, S") interchangedvith (7', 7")
cannotoccur Sowe assume(S, S’) > (X, X') andthat
X C T andT C X'. Fromthe above, we know that
(X, X") doesnotpair-crossb ord. Furthermoreit doesnot
pair-crossa sinceX C SUT'  andSNT C X'. It does
notpair-crossc since(X, X’) < (SNT”,8'UT). Thecase
with (S, S") and(T, T") interchangeds similar.

Finally, we assumethat (X, X’) doesnot paircross
(5,5") becauseX C S and S C X’, and doesnot
paircross (T, T') becauseX C T andT C X'. It
follows easily that (X, X') doesnot pair-crossa because
X CS'UT' andSNT C X'. It doesnot pair-crossb be-
causeX C 'NT"andSUT C X'. It doesnotpair-cross
c becauseX C S’ UT andS NT' C X', andit doesnot
pair-crossd becauseX C SUT" andS'NnT C X'. [ |

Lemma4.3 Given pairs (S,5") and (T,T'), neither
(S, 8" nor (T, T") pair-crossany of the four pairs (S N
T,5'uT"), (SUT, S'nT"), (SNT”, S'UT), (S'NT, SUT").

Proof: Consider(S, S'); the proof for (T',T") is anal-
ogous.We seethat (S NT,5'UT") < (5,5), (5,58) <
(SuT,s'nT"), (SNT',S'uT) < (S,5"),andS C SUT’
andS'NT C §'. Thus(S, S’") doesnotcrossary of these
four sets. |

Let 7 bethe collectionof all tight setpairswith respect
to z. Givenacollectionof setpairs.A, we defineSpan(.A)
to bethe vectorspacespannedy the characteristizvectors
xz(S,S") of thesetpairs(S, S') € A.

Lemma4.4 For anymaximalpair-laminar collection£ of
tight setpairs, Span(£) = Span(7T).

Proof: If Span(L) # Span(T), thenSpan(L) C Span(7)
sinceL C T. Thusthereexistsa pair (5,5’) € T, with

xz(S,S") ¢ Span(L), suchthat(S, S") pair-crosses min-
imum numberof setpairsin L. Let (T, T') beoneof those
pairs. Thenby Lemma4.1, we canrewrite x,(S5,S’) asa
linearcombinationof characteristiavectorsof pair-laminar
tight set pairs. Supposehat condition (i) of Lemma4.1
holds;thuswe canrewrite x, (S, ') asx. (SUT, S'NT")+
Xz (SNT, S'"UT"y —x, (T, T") (thecasein which condition
(i) holdsis similar). Sincex,(S,S") ¢ Span(L), atleast
oneof x,(SUT,S"NT"yandx,(SNT,S" UT")isalso
notin Span(£). By Lemma4.2,ary setpair (X, X') € £
pair-crossingeitherof (SUT, S'NT") and(SNT, S UT")
mustalsohave pair-crossedS, S’), since(X, X') doesnot
pair-cross(T',T") by the laminarity of £. Furthermorepy
Lemmad.3thesetpairs(SUT, S'NT") and(SNT, S'UT")
do not pair-cross(T',T"). Sincethesesetpairsdo not pair-
cross(T', T"), they have strictly fewer crossingswith setsin
L than(S, S’) doescontradictingthechoiceof (S, S’'). 1

The corollary below follows from Lemma4.4 and the
propertiesof abasicsolution.

Corollary 4.5 There existsa pair-laminar setB of tight set
pairs satisfying

1. |B| = |El,

2. thevectos x, (S, S") for (S,S") € B arelinearly in-
dependent,

3. f(S,58) >1forall (S,5") € B. ]

Lemma4.6 If B is a collectionof pair-laminar setpairs,
thentheposetdefinedby < onthesetpairsin B is described
by a uniqueforest.

Proof: It sufficesto establistthatif (S, S") < (X,X') and
(8,58 < (v,Y") and|X| < [Y] o |X| = |Y| and|X"| >
Y] for (5,58, (X,X"), Y,Y') € Bthen(X,X') <
(Y,Y"). SinceB is pairlaminar, (X, X’) and (Y,Y’) do
not pair-cross. By the conditionsabove, it cannotbe the
casethat (X, X") > (Y,Y’), soeither(X, X’") < (Y,Y")
or X C Y'andY C X'. However, in the latter casewe
know S C X C Y’, andsinceY andY”’ aredisjoint, this
impliesS € Y, contradicting(S, S’) < (Y,Y”). Soit must
bethecasethat(X, X') < (Y,Y"). ]

To prove Theorem?2.1, we usea proof by contradiction.
We useLemma4.6 to constructa forest of tight setpairs
in B. We thendefinea new conceptof incidenceof edges
with fractionalvalueto nodesin this forest. Giventhatno
edgehasvalue at leastL, we canthenchage edgeswith
fractionalvalueto thenodedn thisforestin awaythatleads
to acontradiction.

Startwith a pairlaminar family B as given by Corol-
lary 4.5. Form the rootedforestcorrespondingo the con-
tainmentposeton B asindicatedin Lemma4.6: the node
setis B andthereis anarcfrom (5, 5') € Bto (T,T") € B



if (T,T") is the smallestpair of the partial ordersuchthat
(5,8 # (T, T") and(S,S") < (T, T"). Notethatwe refer
to nodesandarcs of the forest, while we useverticesand
edgeswhenreferingto theoriginal graph.

A sodet(e,7) isapairingof anedgee € E,, with oneof
its two endpoints.Eachedgee = (i,j) € E, is associated
with two soclets: (e,i) and(e, 7). We assigneachsoclet
to at mostone node of the forest; we say that the soclet
is incidentto that node. For an edgee = (¢,5) € Eg,
the soclet (e, ©) is incidentto node(S, S') if (S, 5") is the
lowestnodein thetreeamongall nodeswith eitheri € S or
{i,73n S =0.

Lemma4.7 Incidences well-defined.

Proof: We needto shav thatfor a givensoclet (e, i), the
definitionof incidenceis suchthatthe socletis assignedo
atmostonenode. It sufiicesto shav thatary two setpairs
(S,8", (T, T") € B for which oneof thetwo conditionsof
incidenceholdsmustbe comparablén the partialordet

First,if ¢ € § andi € T thensince(S,S") and(T,T")
don't pair-cross,it mustbe the casethat either (S, S") <
(T, T or (T, T") < (5,5).

Now supposehati € S, i ¢ T, and{i,j} N T' = 0.
We know that (S, S") and (7', T") do not pair-cross. Since
i€ Sandi ¢ T,weknow (5,5") £ (T,T"). Sincei € S
andi ¢ T, it is notthe casethatS C 7" andT C S’. Thus
it mustbethecasethat(T,T") < (S, 5"). |

We say that an edgecrossesa node (5, S") if exactly
oneof its associatedocletsis incidentto any nodein the
subtreeootedat (S, S').

Lemma4.8 Anede (4, j) with fractional value crossesa
node(S, ') if andonlyif |{i,j} N S| = |{i,j} N S| = 1.

Proof: (=): For edgee = (i,j) crossingnode (S, S),
assumehatthesoclet (e, ) is incidentto anodein thesub-
treerootedat (S, S') and (e, §) is not. Theni ¢ S’ and
j € S’ by definition of incidenceandthe propertiesof the
partial order Sincej € S, thisin turnimpliesi € S.
(«): If i € Sandj € S’ andB is pairlaminar thenby
Lemma4.7, (e, i) is incidentto a node (T', T") satisfying
(T, 7" < (S,5’). By Lemmad4.6, this implies that (e, 7)
is incidentto a nodein the subtreerootedat (S, S’). Since
j €S, (e j)isnotincidenttoary (7,7") < (5,5"). 1

Proof of Theorem 2.1: The theoremis proved by contra-
diction: supposevery edgetakesvaluestrictly lessthan %

We shaw that given this assumptionwe can“charge” the
socletsincidentto any rootedsubtreeof theforestin sucha
waythateachnodegetschagedatleasttwo socletsandthe
root getschaigedat least3 soclets. This leadsto a contra-
diction, sincethe numberof socletsis twice the numberof

edgesandthenumberof edgesqualshe numberof nodes
in theforest.

This chaging schemds carriedout inductively bottom
up onthestructureof thetree. Consideffirst aleaf element
(S,S") of the forest. Sincewe know f(S5,5’) > 1 and
eachedgehasvaluelessthan1/2, it mustbe the casethat
|6g, (S,S")| > 3. By Lemma4.8it mustbe the casethat
eachof theseedgesross(.9, S’), whichimpliesthatatleast
threesocletsareincidenton (5, .5"). We invoke alemmaof
Jainbelow in orderto carryouttheinduction.

Lety, = i — z.. Notethatby hypothesisy, > 0.
For ary pair (S,S’) € B, defineits co-requirrmentasthe
sum of y,'s for all the edgescrossing(S, S’). The co-
requiremensatisfiey (S, S') = 1|6, (S,5")| — f(S,5").
Since f(S, ') is integral, the co-requiremenof (S, ') is
anintegral multiple of £.

Lemma 4.9 (Jain [11], Lemma 4.6) For any rooted sub-
tree of the forest, we can charge the sodetsincidentto it
sud that everynodegetschargedat least2 sodketsandthe
rootgetschargedat least3. Moreover, theroot getscharged
exactly 3 sodketsonly if its co-requirements half.

Note that the statemenbf the lemmain [11] refersto
endpointdn a way thatis analogoudo our useof theterm
socletshere. The proof of this lemmafor our problemis
exactly thesameproofin [11] which consistof checkinga
seriesof casesWe omit it heredueto the similarity to, and
thelengthof, theoriginal. |

Thereis anexamplein [11] thatshows thatthe analysis
thereis tight for the edgeconnectvity problemwith con-
nectiity requirementén {0, 1}. Sincein this casetheedge
andelementconnectvity problemsarethe same the same
exampleshavsthattheanalysiss alsotight for theelement
connectvity problem.

5 Implementation I ssues

To solve the LP in polynomial time, we needa sep-
aration oracle for the connectvity constraints: an algo-
rithm that finds a violated constraintof the LP (WTS)
with the function g,.(S,S’) or (RES) with the function
9-(S,8") —|6r (S, S")|. To dothis,weinterpretz-valuesas
capacitiesand transformthe graphinducedby the current
fractionalsolutionz andthe fixed edgesF’ into a directed
graphby replacingevery edgeby oppositelyorientededges
with the samecapacityasthe original undirectededge.We
thenperforma standardorocedureof splitting nonterminal
verticesto model the fact that at most one path can pass
throughany nonterminal. Then,in theresultinggraph,the
maximumflow valuebetweenr andj is vertex connectvity
between; andj. If thisis lessthanr;;, the minimum cut
revealsa violatedinequality

Thus we have a polynomial-time separatiororacle for
(WTS) and (RES). Using ellipsoid algorithm, we can
thenobtainabasicsolutionin polynomialtime [10].
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