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Abstract. The latest generation of SAT solvers (e.g. [9, 5]) generaly have three
key features: randomization of variable selection, backtracking search, and some
form of clause learning. We present a simple algorithm with these three features
and prove that for instances with constant A (where A is the clause-to-variable
ratio) the algorithm indeed has good worst-case performance, not only for com-
puting SAT/UNSAT but more general properties as well, such as maximum sat-
isfigbility and counting the number of satisfying assignments. In general, the al-
gorithm can determine any property that is computable via self-reductions on the
formula.

One corollary of our findings is that for al fixed A and & > 3, Max-k-SAT is
solvable in O(c™) expected time for some ¢ < 2, partialy resolving a long-
standing open problem in improved exponentia time algorithms. For example,
when A = 4.2 and k = 3, Max-k-SAT is solvable in O(1.8932") expected
time. We also improve the known time bounds for exact solution of #25AT and
#3S AT, and the bounds for k-SAT when k > 5.

1 Introduction/Background

Exponential time algorithms for SAT with improved performance have been theoreti-
cally studied for over 20 years. Beginning in 1979, Monien and Speckenmeyer [7] gave
a0(1.618") algorithmfor 3-SAT [7]. Reviewing the literature, it appearsthat studiesin
improved worst-case time bounds for SAT were mostly dormant for many years, until
aresurgencein thelate 1990s (e.g. [10, 4, 1]). Thefirst improvements used DPLL-style
variants, where variables were repeatedly chosen in some way, and the agorithm re-
cursed on both possible valuesfor the variables. The improved time bounds came about
due to clever case analysis about the number of variables or the number of clauses re-
moved from consideration in each of these recursive branches. In 1999, Schoning [13]
gaveaO(l .3333"™) algorithm for 3-SAT that is essentially the WalkSAT a gorithm [14];
this was followed by a O(1.3303™) improvement a couple of years later [6].

The work on Max-k-SAT has been less successful than that for £-SAT: it has been
open whether or not Max-k-SAT can be solved in ¢™ steps for ¢ < 2. In thiswork, we
will resolve the question in the affirmative, when the clause density is constant. Further,
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there has been strong recent progress in counting satisfying assignments [2]: #2SAT
and #3SAT are solvablein 1.3247™ and 1.6894™ time, respectively. Our approach sup-
plants these bounds, having 1.2923™ and 1.4461™ expected time. Also, for large &, our
algorithm outperforms any other in the SAT case. For example, for & = 20, Schoning's
random walk algorithm runsin O(1.9") whereas ours runsin O(1.8054™). This bound
improvement occursfor all £ > 5. It isimportant to stress that our randomized method
is of the Las Vegas variety and thus complete, unlike the previous randomized algo-
rithms for these problems[10, 13, 6] which are Monte Carlo (with one-sided error).

One disadvantage of some improved exponential time algorithms is their limited
applicability: often, an improved algorithm for one variant of SAT yields little or no
insight about other SAT variants. Here, our strategy can in general be applied to deter-
mine most interesting hard-to-compute properties of an arbitrary k-CNF formula that
have been considered, under conditions that we will formally specify. We deliberately
make our approach as abstract as possible, so that perhaps its ideas may be useful in
other areas as well.

2 Notation

Let T'(n) be super-polynomial and p(n) be a polynomial. We will express runtime
bounds of the form T'(n) - p(n) as O(T' (n)), the tilde meaning that we are suppressing
polynomial factors.

Boolean variableswill be denoted as «; € {true, false}. Literals (negated or non-
negated variables) will be denoted by I; € {x;,Z;}. F will denote a Boolean formula
in conjunctive normal form over variables 1, . . ., x,,. We represent F' as a family of
subsets over {z1,T7, ..., T, T }. Thesets of F are called clauses. We will implicitly
assume that F' has no trivia clauses containing both z; and z; for some . The number
of clausesin F' is denoted by m(F"), the number of variablesis n(F’), and the density
of Fis A(F) = m(F)/n(F). Typicaly we will just call these n, m, and A when the
formula F' under consideration is clear. Two special kinds of formulasare T and L. T
isthe empty formula @, or trividly true formula. L := {&}, theformulawith asingle,
empty constraint, atrivialy false formula

Theformula F'[xz; = v] isthe formulathat results when valuev € {true, false} is
substituted for variable z; in .

3 Sef-Reducible Properties

Let us formalize the sort of formula properties that are computable by the algorithm
we will describe. Intuitively, they are those properties that may be described due to
self-reducibility. For example, satisfiability of aformula F' is a self-reducible property,
since satisfiability of F' may be deduced by testing satisfiability on the smaller formulas
Flz = true] and F|x = false)].



Definition 1. Let f be a function from k-CNF formulas and natural numbersto a set
V. f computes a feasibly self-reducible property iff:

(D) Vi, f(T,4) and f(L,%) are polytime computable.

(2) There exists a polytime computablefunction g suchthat f(F,n) = g(x, f(Flz =
truel,n — 1), f(F[z = false],n — 1)), for all formulas F and variables z.

In English, thismeanswe can easily compute f on F' using g, provided we are given
f’svalueswhen some variable istrue, and when it isfalse.

To mativate this definition, we demonstrate that interesting (e.g. N P and # P com-
plete) propertiesnormally determined of SAT instances are feasibly self-reducible, pro-
vided we begin our computation of f(F,n) withn = n(F'). Thefollowing table shows
some of the properties that fall under our framework, given g and f's definition on the
trivialy true and trivially false formula. We also provide our algorithm’s expected time
boundswhen k& = 2 and k = 3 for these various properties. For thefirst two rows of the
table, the v; aretruth values; for the second two rows, they are natural numbers.

f g(x,v1,09) FOT )| f (L) k=2] k=3
SAT vy V vy true | false trivial | 1.4461™
UNSAT v1 A vg fase | true trivial | 1.4461"
Max-SAT| max{n(z1, F) + v1,n(z1, F) +v2}| O 0 |"(c<2)if A=0(1)
HSAT i+ vz 2 |0 | 1.2023" | 1.4461"

(We definen(l, F') to be the number of occurrences of literal [ in F.) #SAT(F) is
the number of satisfying assignments. Max-SAT(F’) is the maximum number of clauses
satisfied by any assignment. (A simple modification of the algorithm will be able to
extract an assignment satisfying the maximum number, with no increase in asymptotic
runtime.) We remark that Max-SAT is the only function above that uses the variable x
in the specification for g.

4 Algorithm

We now present a way to compute any feasibly self-reducible f on k-CNF formulas
with density A. The methodology is quite similar in nature to previous improved expo-
nential time algorithms using dynamic programming [12, 15]. The three major differ-
ences here are the use of randomness, the manner in which dynamic programming, and
the tighter analysis that results from analyzing k-CNF formulas.

Roughly speaking, the algorithm chooses a random ordering on the variables, then
does a standard depth-first branching on thefirst én variablesin this ordering, for some
calculated 6 € (0, 1). After depth dn has been reached, the algorithm continues branch-
ing, but saves the computed f-values of all formulas considered after this point. The
key is that for suitable § (depending on k& and A), the space usage necessary is small,
and the expected runtimeis greatly reduced asymptotically.



4.1 Preliminary initialization

Before the main portion of the algorithm is executed, a few preliminary steps are taken
to set up the relevant data structures.

0.Let A = m/n, and § be the smallest root of the polynomial A5* + § — A over
the interval (0, 1). (Existence of such aroot will be proven later.) Since k is constant,
one can numerically compute this root to a suitable precision in polynomial time.

1. Choose a random permutation o : N — N. Let F,.,, € F be the subset of
clauses that have each of their k variadblesin {z 5(1), ..., To(5n) }-

2. Define <. to be alexicographic (total) ordering on the clauses of F'.,.., Where
the ordering is obtained from the variable indices. For instance, giveni; < j; < ki
and 19 < j2 < ko, {l‘il,l‘jl,l‘kl} <c {JJQ,IJQ,I]Q} iff either 11 < 19 Or (il =19 and
j1 < gjo)or(iy =igandj; = jo and k1 < ko). Define ¢; to be the ith clause w.r.t. the
ordering <..

3. Let V betheco-domainof f. (Typicaly, V iseither {true, false} or N.) Initial-
izethe set Learned C {0, 1}™(Feover) 5 {1,... n} x V of learned f-values as empty.

4.2 Search

The search portion of the algorithm recurses on a formula F',. and integer 4, which are
initially F' and n, respectively.

Compute-f(F.., 7):

1.[Ifi =0theneither F,. = L or F,. = T, take step 2.]

2IfF.=_LorF, =T,return f(T,) or f(L,1), respectively.

3. (Branching phase) If ¢ > n — dn, then return:
9(Zo(n—it1),Compute-f(F.[z,(—iy1) = true],i — 1),Compute-f(F[25(n—it1) =
false],i—1)).

4. (Learned values phase) Else, let F¥ C F bethe set of original k-clausesin F that
correspond to the remaining (possibly < k-)clauses of F,.. It followsthat F* C F, e
Represent F,. asapair (b(F)),1), whereb(F,.) isavector of m(Feover) = |Feover| DitS:
b(Fy)[j] := 1iff ¢; (the jth clause in <) has not yet been satisfied in F,..

5.1f (b(F}),4,v) € Learned, thenreturnv. Let b, and by bethe bit vector represen-
tations of F'[x,(,—i41) = true] and F|z,(,—;41) = false], respectively.

5a. Set v; := Compute-f(f(F[zy(n—i41) = true]),i+ 1) and

vy := Compute-f(f(F[ry(n—i+1) = false]),i+1).

5b. Update Learned := Learned U {(b;, 4, v;), (by,4,v5)}. REUM g(z4(i41), vt, vf).

6. Otherwise, branch as before; that is, return
9@ (n—it1),COmpute-f(F.[2,(n—ip1) = truel,i — 1),Compute-f(F,[zo—ir1) =
false],i—1)).



4.3 Analysis

Sketch of correctness Here, we assume the choice of ¢ is suitable and defer its justi-
fication until later. We consider each step in the above algorithm one by one.

e Steps 1 and 2, the base cases, are clear. Step 3 is obvious assuming Compute-
f(Fy [,y = true],i + 1) and Compute-f(F,.[z,;) = false],i + 1) return correct
answers.

¢ i dways equals the number of variables that have not been set by the algorithm;
the proof is a simple induction. Hence when ¢ > §n, then the first on variables have
beensetin F., soletting ¥ C F bethe set of original k-clausesin F corresponding to
the (possibly < k) clauses of F., F¥ C F.,y., follows from the definition of F...c;.

e |n Steps 4 and 5, notice the representation (b(F',.),4) tells us two things: which
clauses of F,,., have not (yet) been satisfied, and which variables have aready been
set (those ;) where j < 7). Thus, if literals of these variables appear in the clauses
specified by b(F.), we may infer that these literals are false. Therefore we can recon-
struct F,. given (b(F}),), sothemap F, — (b(F;),%) is 1-1. Henceit is semantically
correct to return v for f(F,) whenwefind (b(F),4,v) € Learnedin Step 5.

So we store every f-value computed in Learned and search for it before recom-
puting. The Learned set used in step 5 can be implemented using a binary search tree,
where the keys are pairs containing (a) the |F.over| bit vector representations of the
F.s and (b) the variable index i. The relevant operations (insert and find) take only
polynomial time.

Runtimeanalysis We claim the algorithm devotes O(2°™) timefor the branching phase
(When i < dn) and a separate count of O(2F[m(Feover)l) expected time for the learned
values phase, where E[m(Feover )] isthe expected number of clausesin F'.,. Over the
choice of random o. (Hence in total, the expected runtime is O (27 (Feover)] 4 90m),
and the optimal choice of ¢ to minimize the thiswill make E[m(F coper] = dn.)

To simplify the analysis, we consider an “unnatural” procedure, for which our al-
gorithm has runtime no worse than it. The procedure will perform the phases of the
algorithm described above, but in the opposite order. First, it (a) determines all of the
possible f-valuesin Learned recursively, saving each discovered value as it goes along.
Thenit (b) runsthe branching phase until depth 6n, in which case it smply refersto the
stored valuesin Learned.

It is clear that if the runtime of (a) is bounded by 7", then the runtime of this pro-
cedure is O(2°" + T). So it suffices for us to prove that (b) takes O (2E[m(Feover)])
expected time. Each (b(F.), ) pair's f-valuein Learned is computed at most once, and
is determined in polynomial time using g and assuming the f-valuesfor smaller F',. are
given. (We defer the cost of computing the f-values for smaller F',. to those smaller
formulas). Moreover, the base cases f(T,i) and f(L, ) are polytime computable by
self-reducibility.



Thusthetotal time used by the learned formula phase will be at most
poly(n)- [number of possible (b(F}),4) pairs] = O(2Em(Feover)],
since the total number of pairs possiblein Learned is at most n, - 27 (Feover)

Let us specify the procedure more formally. [We can omit this part from the final
version if the above sketch is convincing.] Start with (L, ) and (T, ¢) for every 4, and
put (L,4, f(L,i))and (T,q, f(T,4))inLearned.

0. Initidlizei :=n — 1.

1. Repest steps 2-5 until i = §:

2.5t F = {F,U{c € Flr,u € cVTs; € c} | 3.(b(F),i+1,v) € Learned}.

3.Fordl F, € F,

4. Find v; and vy such that (b(F; [x4(;) = true]),i+ 1,v;) and

(b(Fr[rs(y = false]),i+ 1,v;) in Learned, using a search tree.

5. Put (b(F}), 4, g(ve,vr)) inLearned, and set ¢ := 4 — 1.

Notice we are always placing a value for anew pair in Learned. Hence we place at
most n2™(Feever) valuesin Learned. Each iteration of the for-loop for afixed F, takes
polynomial time. The number of possible F,. in F is at most 2(Feover) (though it will
be much less in most cases). There are at most n — dn repetitions of the repeat l1oop,
hence this procedure takes O (27 (Feover)]) expected time.

Note that while our proceduretakes exponential space, asin[12, 15], atradeoff may
be exhibited between time and space usage, by varying 4. In other words, for larger
values of ¢, less spaceis required at the cost of alonger runtime.

Theorem 1. For every k and A, there exists a constant ¢ < 2 such that any feasibly
self-reducible f on k-CNF Boolean formulas with density A is computable in O(¢™)
expected time.

Proof. It suffices to show that the optimal choice of § is awayslessthan 1. Let ¢; be
a k-CNF clause. For a randomly chosen o, the probability that a particular variable v
is among the first én variables is §. Hence the probability that every variablein c; is
among the first §n variables designated by o is at least 6% (1 — o(1)). More precisely,
the probability is

lsn —i . i d
>4k 1——)>6(1-2
== () =0 (-5)

for some constant d > 0. Thus the probability that c; € F.ppe iSat most 1 — 65(1 —
o(1)). For each clause ¢; € F', define an indicator variable X; that is1iff ¢; € Fioper-
Then the expected number of clausesin F.yyer IS

E[Feover] = Z:’;l EXi]=m-[1 - 5k(1 —d/n)],

by linearity of expectation. Hence the expected time for the learned value phase is
(modulo polynomial factors)



9[1-6*](1-d/n)An _ 9[1-6*]An—d-A-[1-5%] c 0(2[176’“]An)’

and the optimal choice of § satisfies the equation
§=(1-6MA = A" +5-A=0.

Noticethat the variancein m(F over) Will besmall in general (more precisely, suscepti-
ble to Chernoff bounds), thus our expectation is not a mathematical misnomer; we will
not analyzeit in detail here.

We now show that for k£ > 0 and A > 0, the polynomia p(z) = Az* + x — A has
at least oneroot xg € (0, 1); the theorem will follow.

First, p(z) has at least one real root r. Note p(1) = 1 foral k and A, sor # 1.
If » > 1, then Ar* > A, acontradiction. Hence r < 1. If k is even, then p(z) has at
least one positive root r, so - € (0,1). On the other hand, if k isodd and » < 0, then
all threetermsin p(r) are negative; hencer € (0,1). O

We have empirically observed that as either A or k increase, the relevant root of
p(z) approaches 1.

4.4 Max-k-SAT solution

Ever since Monien and Speckenmeyer [8] showed in 1980 that there exists an algorithm
for Max-3-SAT running in O(2™/3), it has been a well-studied open problem as to
whether Max-k-SAT could actually be solved in O(c¢™) time for ¢ < 2. All previous
proposals towards answering this question have given algorithms of the form O(c™),
with ¢ decreasing slowly over time (e.g. [8, 1, 4]).

A corollary of the aboveresult isthat the answer is yes, when the clause density A is
constant. While thisis probably the more relevant situation for applications, it remains
open whether Max-k£-SAT can be solved when A is an unbounded function of n.

Corollary 1. For every k and A, there exists a constant ¢ < 2 such that Max-k-SAT on
formulas of density A issolvablein O(c™) expected time.

45 Improvementson Counting and SAT for high k

If the property we seek is some function on the satisfying assignments of F', then a
better runtime bound can be achieved; we will outline our modified approach here.
For instance, if we wish to count the number of satisfying assignments or determine
satisfiability, then we can use the unit clause rulein branching. The unit clause rule has
been used since [3] for reducing SAT instances.

Rulel (Unitclause) If {I;} € F thenset F := F[l; = true].



For feasibly self-reducible f on satisfying assignments, let us incorporate the unit
clause rule into the previous algorithm, between Steps 2 and 3. Now we observethat, in
order to say that aclause ¢ € F'isnotin Feoyer, rather than requiring all % Ivariables of
c to be assigned valuesin thefirst dn variables, now we only need k — 1 of the variables
to be assigned. For if one of them made c true, c is no longer present, and if all k£ — 1 of
them were false in ¢ then the unit clause rule applies.

This leads us to a better equation for §, namely 6 = (1 — §* — k§*~1) A, since the
probability that at least £ — 1 variables of any clause ¢ appear in the first én variables
of o is1 — 6% — k61, the third term coming from the fact that there are k ways to
choose k — 1 of the variablesin ¢ that do not appear.

As might be expected, this equation yields better time bounds. Thereis no longer a
dependence on A, and we obtain bounds such as the following:

Corollary 2. #3SAT issolvablein O(1.4461") expected time.

For k£ > 5, even an improvement in SAT (over previous agorithms) is observed.
The best known algorithm in that case has been that of Paturi, Pudlak, Saks, and Zane
[11], which has the bounds 1.5681™ and 1.6370™ for k¥ = 5 and 6. We have found
through numerical experiments that our algorithm does strictly better for £ > 5. An
example:

Corollary 3. 5-SAT and #5-SAT are solvable in O(1.5678™) expected time, while 6-
SAT and #6-SAT are solvablein O(1.6065™).

A sharper improvement can be made for #2SAT, since for large A, single variable
branches can remove many variables due to the unit clause rule. Specificaly, in the
worst case, one variable is assigned in one branch, while at least 2A variables are as-
signed in another. We omit the analysis for space considerations, but can includeit later
if youlike.

Theorem 2. #2SAT issolvablein O(1.2923") expected time.

5 Conclusion

We have shown, in avery general manner, how various hard properties of k-CNF prop-
erties may be determined in less than 2™ steps. However, our procedure requires ex-
ponential space in order to achieve this. Therefore one obvious open problem is to find
algorithmsthat can compute sel f-reducibleformula propertiesin polynomial space. An-
other question (which we believe to be not so difficult, but did not work in time for
submission) is how to derandomize the algorithm—i.e. convert it a deterministic one,



without much loss in efficiency. A further direction is to use some clever properties of
Max-k-SAT when A = w(1) to get an less-than-2™ algorithm for general Max-k-SAT.

Finally, it is worth exploring what other useful properties of CNF formulas can be

expressed via our definition of self-reducible functions, to determine the full scope of
the method we have described. One hard problem that probably cannot be computed
with it is solving quantified Boolean formulas; thisis because in QBFs, it seems crucial
to maintain the fixed variable ordering given by the quantifiers. On the other hand, if
we assume the number of quantifier alternationsis small, this may permit one to use a
variable-reordering approach of the form we have described.
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