Semi-Supervised L earning Using Gaussian Fields and Har monic Functions

Xiaojin Zhu*
Zoubin Ghahramanit*
John L afferty*

ZHUXJ@CS.CMU.EDU
ZOUBIN@GATSBY.UCL.AC.UK
LAFFERTY @CS.CMU.EDU

*School of Computer Science, Carnegie Mellon University, Pittsburgh PA 15213, USA
tGatsby Computational Neuroscience Unit, University College London, London WCIN 3AR, UK

Abstract

An approach to semi-supervised learning is pro-
posed that is based on a Gaussian random eld
model. Labeled and unlabeled data are rep-
resented as vertices in a weighted graph, with
edge weights encoding the similarity between in-
stances. Thelearning problem isthen formulated
intermsof aGaussian random eld onthisgraph,
where the mean of the eld is characterized in
terms of harmonic functions, and is ef ciently
obtained using matrix methods or belief propa-
gation. The resulting learning algorithms have
intimate connections with random walks, elec-
tric networks, and spectral graph theory. We dis-
cuss methods to incorporate class priors and the
predictions of classi ers obtained by supervised
learning. We also propose amethod of parameter
learning by entropy minimization, and show the
algorithm’s ability to perform feature selection.
Promising experimental results are presented for
synthetic data, digit classi cation, and text clas-
s cation tasks.

1. Introduction

In many traditional approaches to machine learning, atar-
get function is estimated using labeled data, which can be
thought of as examplesgiven by a teacher toa student.
Labeled examples are often, however, very time consum-
ing and expensive to obtain, as they require the efforts of
human annotators, who must often be quite skilled. For in-
stance, obtaining asinglelabeled examplefor protein shape
class cation, which is one of the grand challenges of bio-
logical and computational science, requires months of ex-
pensive analysis by expert crystallographers. The problem
of effectively combining unlabeled data with labeled data
istherefore of central importancein machinelearning.

The semi-supervised learning problem has attracted an in-
creasing amount of interest recently, and several novel ap-
proaches have been proposed; we refer to (Seeger, 2001)
for an overview. Among these methodsis apromising fam-
ily of techniquesthat exploit the manifold structure of the
data; such methods are generally based upon an assumption
that similar unlabeled examples should be given the same
class cation. In this paper we introduce a new approach
to semi-supervised learning that is based on arandom eld
model de ned on aweighted graph over the unlabeled and
labeled data, where the weights are given interms of asim-
ilarity function between instances.

Unlike other recent work based on energy minimization
and random elds in machine learning (Blum & Chawla,
2001) and image processing (Boykov et al., 2001), we
adopt Gaussian elds over a continuous state space rather
than random elds over the discrete label set. This re-
laxation to a continuousrather than discrete sample space
resultsin many attractive properties. In particular, the most
probable con guration of the eld is unique, is character-
ized in terms of harmonic functions, and has a closed form
solution that can be computed using matrix methods or
loopy belief propagation (Weiss et al., 2001). In contrast,
for multi-label discrete random elds, computing the low-
est energy con gurationistypicaly NP-hard, and approxi-
mation algorithmsor other heuristics must be used (Boykov
et al., 2001). The resulting classi cation algorithms for
Gaussian elds can be viewed as a form of nearest neigh-
bor approach, where the nearest 1abeled examples are com-
puted in terms of arandom walk on the graph. Thelearning
methods introduced here have intimate connections with
random walks, electric networks, and spectral graph the-
ory, in particular heat kernels and normalized cuts.

In our basic approach the solution is solely based on the
structure of the data manifold, which is derived from data
features. In practice, however, this derived manifold struc-
ture may be insuf cient for accurate classi cation. We
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Figure 1. The random fi elds used in this work are constructed on
labeled and unlabeled examples. We form a graph with weighted
edges between instances (in this case scanned digits), with [abeled
dataitems appearing as specia “boundary” points, and unlabeled
points as “interior” points. We consider Gaussian random fi elds
on this graph.

show how the extraevidence of class priors can help classi-

cationin Section 4. Alternatively, we may combine exter-
nal classi ersusing vertex weights or assignment costs,
as described in Section 5. Encouraging experimental re-
sults for synthetic data, digit classi cation, and text clas-
s cation tasks are presented in Section 7. One dif culty
with the random eld approach is that the right choice of
graph is often not entirely clear, and it may be desirable to
learn it from data. In Section 6 we propose a method for
learning these weights by entropy minimization, and show
the algorithm’sability to perform feature selection to better
characterize the data manifold.

2. Basic Framewor k

We supposethereare! labeled points (x1, y1), - - - , (1, Y1),
and u unlabeled points zy41,. .. ,Zq,; typicdly I < wu.
Let n = I + u be the total number of data points. To be-
gin, we assume the labels are binary: y € {0,1}. Consider

a connected graph G = (V, E) with nodes V' correspond-
ing to the n data points, with nodes L = {1,... ,1} corre-
sponding to the labeled points with labels y4, ... ,¥;, and

nodesU = {l +1,...,l + u} corresponding to the unla-
beled points. Our task is to assign labels to nodes U. We
assume ann x n symmetric weight matrix W on the edges
of the graph is given. For example, when z € R™, the
weight matrix can be

m . ,)2
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where x;4 isthe d-th component of instance x; represented
as avector z; € R™, and o4,...,0,, ae length scae
hyperparameters for each dimension. Thus, nearby points
in Euclidean space are assigned large edge weight. Other

weightingsare possible, of course, and may be more appro-
priate when z is discrete or symbolic. For our purposesthe
matrix W fully speci es the data manifold structure (see
Figure1).

Our drategy is to rst compute a real-valued function
f : V. — R on G with certain nice properties, and to
then assign labels based on f. We constrain f to take val-
ues f(i) = fi(i) = y; onthelabeled datai = 1,...,1.
Intuitively, we want unlabeled pointsthat are nearby in the
graph to have similar labels. This motivates the choice of
the quadratic energy function

1 . 12
=3 20 U0 - 70) @

To assign a probability distribution on functions f, weform
theGaussian eldpg(f) = e_Z(f),whereﬂisan inverse
temperature parameter, and Zz is the partition function
Zg = fflL:fl exp (—BE(f)) df, which normalizes over

all functions constrained to f; on the labeled data.

Itisnot dif culttoshow that the minimum energy function
f = argming|, _s E(f) is harmonic; namely, it satis es
Af = 0 on unlabeled data points U, and is equal to f;
on the labeled data points L. Here A is the combinatorial
Laplacian, givenin matrixformasA = D—W whereD =
diag(d;) is the diagonal matrix with entries d; = 3, w;;
and W = [w;;] isthe weight matrix.

The harmonic property means that the value of f at each
unlabeled data point is the average of f at neighboring
points:
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,forj=1+1,...,14+u (3

which is consistent with our prior notion of smoothness of
[ with respect to the graph. Expressed dlightly differently,
f = Pf, where P = D~1W. Because of the maximum
principle of harmonic functions(Doyle & Snell, 1984), f is
unique and is either a constant or it satis es0 < f(j) < 1
forj eU.

To compute the harmonic solution explicitly in terms of
matrix operations, we split the weight matrix W (and sim-
ilarly D, P) into 4 blocks after the /th row and column:
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Letting f = fi where f,, denotesthevaluesontheun-

fu
labeled data points, the harmonic solution A f = 0 subject

to f|r = fiisgiven by

fu = (Duu _Wuu)ilwulfl = (I_Puu)ilpulfl (5)
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Figure 2. Demonstration of harmonic energy minimization ontwo
synthetic datasets. Large symbols indicate labeled data, other
points are unlabeled.

In this paper we focus on the above harmonic function asa
basis for semi-supervised class cation. However, we em-
phasize that the Gaussian random eld model from which
this function is derived provides the learning framework
with a consistent probabilistic semantics.

In the following, we refer to the procedure described above
as harmonic energy minimization, to underscore the har-
monic property (3) as well as the objective function being
minimized. Figure 2 demonstrates the use of harmonic en-
ergy minimization ontwo synthetic datasets. Theleft gure
shows that the data has three bands, with I = 3, u = 178,
and ¢ = 0.22; the right gure shows two spiras, with
I =2u=184,and o = 0.43. Here we see harmonic
energy minimization clearly follows the structure of data,
while obviously methods such as kNN would fail to do so.

3. Interpretation and Connections

Asoutlined brie y inthis section, the basic framework pre-
sented in the previous section can be viewed in several fun-
damentally different ways, and these different viewpoints
providearich and complementary set of techniquesfor rea-
soning about this approach to the semi-supervised learning
problem.

3.1. Random Walks and Electric Networ ks

Imagine a particle walking along the graph G. Starting
from an unlabeled node 4, it movesto anode j with proba-
bility P;; after one step. The walk continues until the par-
ticle hits alabeled node. Then f(4) is the probability that
the particle, starting from node i, hits a labeled node with
label 1. Here the labeled datais viewed as an absorbing
boundary for the random walk.

This view of the harmonic solution indicates that it is
closely related to the random walk approach of Szummer
and Jaakkola (2001), however there are two magjor differ-
ences. First, we x the value of f on the labeled paints,
and second, our solution is an equilibrium state, expressed
in terms of a hitting time, while in (Szummer & Jaakkola,

2001) the walk crucially depends on the time parameter ¢.
We will return to this point when discussing heat kernels.

An electrica network interpretation is given in (Doyle &
Snell, 1984). Imagine the edges of G to be resistors with
conductance . We connect nodes labeled 1 to a positive
voltage source, and points labeled 0 to ground. Then f,,
is the voltage in the resulting electric network on each of
the unlabeled nodes. Furthermore f,, minimizesthe energy
dissipation of the electric network G for the given f;. The
harmonic property herefollowsfrom Kirchoff’sand Ohm’s
laws, and the maximum principle then shows that this is
precisely the same solution obtained in (5).

3.2. Graph Kernels

The solution f can be viewed from the viewpoint of spec-
tral graph theory. The heat kernel with time parameter ¢
onthe graph G isde ned as K; = e~*2. Here K, (i, j) is
the solution to the heat equation on the graph with initial
conditions being a point source at 7 a timet¢ = 0. Kondor
and Lafferty (2002) propose this as an appropriate kernel
for machinelearning with categorical data. Whenusedin a
kernel method such as a support vector machine, the kernel
class er fi(j) = Y;cp iyiK(i, j) can be viewed as a
solution to the heat equation with initial heat sources a;y;
on the labeled data. The time parameter ¢ must, however,
be chosen using an auxiliary technique, for example cross-
validation.

Our algorithm uses a different approach which is indepen-
dent of ¢, the diffusion time. Let A, be the lower right
u X u submatrix of A. Since Ay, = Dyu — Wy, itisthe
Laplacian restricted to the unlabeled nodesin G. Consider
the heat kernel on this submatrix: K, = e~*Aw«. Then
K ; describes heat diffusion on the unlabeled subgraph with
Dirichlet boundary conditions on the labeled nodes. The
Green's function G is the inverse operator of the restricted
Laplacian, GA,,, = I, which can be expressed in terms of
theintegral over time of the heat kernel K, :

g= / K;dt = / e tAudt = (Dyu — Wuu)_l (6)
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The harmonic solution (5) can then be written as

1

fu=GWufi o f() = yiwaG(k,j) (7)

i=1 k

Expression (7) shows that this approach can be viewed as
akernel class er with the kernel G and a speci ¢ form of
kernel machine. (See aso (Chung & Yau, 2000), where a
normalized Laplacian is used instead of the combinatorial
Laplacian.) From (6) we aso see that the spectrum of G is
{\;'}, where {)\;} isthe spectrum of A,,,,. Thisindicates
aconnection to thework of Chapelleet a. (2002), who ma-
nipulate the eigenvalues of the Laplacian to create various



kernels.A relatedapproactis givenby Belkin andNiyogi
(2002),who proposedo regularizefunctionson by select-
ing thetop normalizedeigervectorsof  corresponding
to thesmallesteigervaluesthusobtainingthebest t to

in the leastsquaresense. We remarkthatour ts the
labeleddataexactly, while the order approximatiormay
not.

3.3.Spectral Clustering and Graph Mincuts

The normalizedcut approachof ShiandMalik (2000)has
asits objective function the minimization of the Raleigh
guotient

(8)

subjectto the constraint . Thesolutionis the second
smallestkeigervectorof thegeneralizeaigervalueproblem

. Yu and Shi (2001) add a groupingbiasto
the normalizedcut to specify which points shouldbe in
the samegroup. Sincelabeleddatacan be encodednto
suchpairwisegroupingconstraintsthis techniquecanbe
appliedto semi-supervisedearningas well. In general,
when is closeto block diagonal,it canbe showvn that
datapointsaretightly clusteredn the eigenspacspanned
by the rst few eigervectorsof  (Ng etal., 2001a;Meila
& Shi, 2001),leadingto variousspectralclusteringalgo-
rithms.

Perhapghe mostinterestingandsubstantiatonnectiorto
themethodswe proposenereis the graphmincutapproach
proposediy Blum andChawla (2001). The startingpoint
for this work is also a weightedgraph , but the semi-
supervisedearning problemis castas one of nding a
minimum -cut, wherenegative labeleddatais connected
(with largeweight)to a specialsourcenode , andpositive
labeleddatais connectedo a specialsink node . A mini-
mum -cut,whichis notnecessarilyinique minimizesthe
objective function -
and correspondgo a function ; the
solutionscanbe obtainedusinglinear programming.The
correspondingandom eld modelis a “traditional” eld
over the label space , but the eld is pinnedon
thelabeledentries.Becausef this constraintapproxima-
tion methodsbasedon rapidly mixing Markov chainsthat
applyto the ferromagnetidsing modelunfortunatelycan-
notbeused.Moreover, multi-labelextensionsaregenerally
NP-hardin this framework. In contrastthe harmonicso-
lution canbe computedef ciently using matrix methods,
evenin themulti-labelcase andinferencefor the Gaussian
random eld canbe ef ciently andaccuratelycarriedout
usingloopy belief propagatior{Weissetal., 2001).

4. Incorporating ClassPrior Knowledge

To go from  to labels, the obvious decisionrule is to
assignlabel 1 to node if -, andlabel O other
wise. We call this ruletheharmonicthreshold(abbreviated
“thresh” below). In termsof the randomwalk interpreta-
tion, if -, thenstartingat , the randomwalk is
morelik ely to reachapositively labeledpointbeforeaneg-
atively labeledpoint. This decisionrule works well when
the classesare well separated.However in real datasets,
classesare often not ideally separatedandusing asis
tendsto produceseverelyunbalancedlassi cation.

The problemstemsfrom the factthat , which speci es
thedatamanifold,is oftenpoorly estimatedn practiceand
doesnotre ect theclassi cationgoal. In otherwords,we
shouldnot“fully trust”thegraphstructure Theclasspriors
area valuablepieceof complementarynformation. Let's
assumehe desirableproportionsfor classesl andO are
and , respectiely, wherethesevaluesareeithergiven
by an“oracle” or estimatedrom labeleddata.\We adopta
simple procedurecalled classmassnormalization(CMN)
to adjustthe classdistributionsto matchthe priors. De ne
themassof classl to be , andthe massof classO
tobe . Classmassormalizatiorscaleghese
massesothatan unlabeledpoint is classi ed asclassl
iff

9)

This methodextendsnaturally to the generalmulti-label
case.

5. Incorporating External Classi ers

Oftenwe have anexternalclassi er at hand,whichis con-
structedon labeleddataalone. In this sectionwe suggest
how this canbecombinedwith harmonicenegy minimiza-
tion. Assumethe externalclassi er producedabels on
theunlabeleddata; canbe0/1or softlabelsin . We
combine  with harmonicenegy minimizationby a sim-
ple modi cation of thegraph.For eachunlabeledchode in
theoriginalgraph,we attacha“dongle” nodewhichis ala-
belednodewith value |, letthetransitionprobabilityfrom
toits donglebe , anddiscountall othertransitionsrom

by . We thenperformharmonicenegy minimization
on this augmentedyraph. Thus, the externalclassi er in-
troduces‘assignmentosts”to the enegy function, which
play the role of vertex potentialsin the random eld. It
is not dif cult to shav that the harmonicsolution on the
augmentedraphis, in therandomwalk view,

(10)

We note that throughoutthe paperwe have assumedhe
labeleddatato be noisefree,andso clampingtheir values



