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Abstract

We introduce a new data structuring paradigmin which
operationscan be performedon a datastructurenot only
in the presentbut also in the past. In this new paradigm,
called retroactive data structures, the historical sequence
of operationsperformedon the datastructureis not �x ed.
The data structureallows arbitrary insertion and deletion
of operationsat arbitrarytimes,subjectonly to consistency
requirements. We initiate the study of retroactive data
structuresby formally de�ning the model and its variants.
We prove that, unlike persistence,ef�cient retroactivity is
notalwaysachievable,sowegoonto presentseveralspeci�c
retroactivedatastructures.

1 Intr oduction

Supposethatwe justdiscoveredthatanoperationpreviously
performedin a databasewaserroneous(e.g.,from a human
mistake), andwe needto changetheoperation.In mostex-
isting systems,theonly methodto supportthesechangesis
to rollbackthestateof thesystemto beforethetime in ques-
tion andthenre-executeall of theoperationsfrom themod-
i�cations to the present.Suchprocessingis wasteful,inef-
�cient, and often unnecessary. In this paperwe introduce
anddevelopthenotionof retroactive data structures, which
are datastructuresthat ef�ciently supportmodi�cations to
thehistoricalsequenceof operationsperformedonthestruc-
ture.Suchmodi�cationscouldtake theform of retroactively
inserting,deleting,or changingone of the operationsper-
formedat a given time in the paston the datastructurein
question.

After de�ning themodel,we show that thereis no gen-
eral ef�cient transformationfrom non-retroactive structures
into retroactive structures. We then turn to the develop-
mentof speci�c retroactive structures.For someclassesof
datastructures(commutative andinvertible datastructures,
anddatastructuresfor decomposablesearchproblems),we
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presentgeneraltransformationsto make datastructuresef�-
ciently retroactive. For otherdatastructureswherethe de-
pendency betweenoperationsis stronger, ef�cient retroac-
tivity requiresthe developmentof new techniques.In par-
ticular, we presenta retroactive heapthat achievesoptimal
bounds.

1.1 Comparison to persistence.The idea of retroactive
datastructuresis relatedat a high level to theclassicnotion
of persistentdatastructures,becausethey bothconsiderthe
notionof time,but otherwisethey differ almostentirely.

A persistentdata structuremaintainsseveral versions
of a data structure,and operationscan be performedon
one version to produce a new version. In its simplest
form, modi�cations canonly be madeto the last structure,
thuscreatinga linear relationshipamongstthe versions.In
full persistence[4], an operationcanbe performedon any
past version to createa new version, thus creatinga tree
structureof versions. Con�uently persistentstructures[5]
allow a new versionto be createdby merge-like operations
on multiple existing structures,and thus the versionsform
a directedacyclic graph.Thedatastructuringtechniquesfor
persistencerepresentasubstantialcostsavingsoverthenä�ve
methodof maintainingseparatecopiesof all versions.

The key differencebetweenpersistentand retroactive
data structuresis that, in persistentdata structures,each
version is treatedas an unchangeablearchive. Eachnew
version is dependenton the stateof existing versionsof
thestructure.However, becauseexisting versionsarenever
changed,thedependencerelationshipbetweentwo versions
neverchanges.Theusercanview apaststateof thestructure,
but changesin the past state can only occur by forking
off a new versionfrom a paststate. Thus, the persistence
paradigmis useful for maintainingarchival versionsof a
structure,but is inappropriatefor when changesmust be
madedirectly to thepaststateof thestructure.

In contrast, the retroactive model we de�ne allows
changesto be madedirectly to previous versions.Because
of the interdependenceof the versions,sucha changecan
radically affect the contentsof all later versions. In effect
we sever the relationshipbetweentime as perceived by a
data structure,and time as perceived by the user of the
datastructure.Operationssuchas“Insert 42” now become



“Insertat time 10 theoperatioǹ Insert42' ”.

1.2 Moti vation. In a real-world environment, large sys-
tems processingmany transactionsare commonplace. In
suchsystemstherearemany situationswheretheneedarises
to alter the historicalsequenceof operationsthat werepre-
viously performedon the system. We now suggestseveral
applicationswherea retroactive approachto datastructures
wouldhelp:

Simple Err or. Data was enteredwrong. The data
should be correctedand all secondaryeffects of the data
removed.

Security Breaches.Supposesomeoperationsweredis-
coveredto havebeenmaliciouslyperformedby anunautho-
rizeduser. It is particularlyimportantin thecontext of com-
putersecurityto notonly removethemalicioustransactions,
but alsoto actasif themaliciousoperationnever occurred.
For example,if the intrudermodi�ed thepassword �le, not
only shouldwe restorethat�le, but we shouldalsoundolo-
ginsenabledby thismodi�cation.

Tainted Sources. In asituationwheredataentersasys-
temfrom variousautomateddevices,if onedevice is found
to havemalfunctioned,all of its transactionsareinvalid over
a periodof time andmustberetroactively removed.For ex-
ample,in a situationwheremany temperaturereadingsfrom
variousweatherstationsarereportedto acentralcomputer, if
oneweatherstation's sensorsarediscoveredto be intermit-
tently malfunctioning,we wish to remove all of the sensor
readingsfrom the malfunctioningstationbecausethey are
no longerreliable. Secondaryeffectsof the readings,such
asaverages,historicalhighsand lows, alongwith weather
predictionsmustberetroactively changed.

Disconnection. Continuing with the weather-station
analogyof thepreviousparagraph,supposethetransmission
systemfor oneweatherstationis damaged,but laterthedata
is recovered. We shouldthenbe ableto retroactively enter
the reportsfrom the weatherstation,andseethe effectsof
thenew dataon, for example,thecurrentandpastforecasts.

Online Protocols. In a standardclient-server model,
theservercanbeseenasholdingadatastructure,andclients
sendupdateor query operations. When the order of the
requestsis important(e.g.,Internetauctions),the userscan
senda timestampalongwith their requests.In all fairness,
the server shouldexecutethe operationsin the order they
weresent. If a requestis delayedby thenetwork, it should
beretroactively executedat theappropriatetime in thepast.

Settlements. In somecasesit is mutuallyagreedupon
by thepartiesinvolvedto changesomepasttransactionand
all of its effects. We cite oneexampleof sucha settlement
and describehow the traditional methodof handingsuch
settlementsoften fails in today's systems. Supposeyou
have two charge cards from one company. When a bill
comesfrom one card, you pay the wrong account. Upon

realizing the mistake, you call customerserviceand you
reacha settlementin which the paymentis transferredinto
thecorrectaccount.Unfortunately, thenext month,you are
chargeda late fee for the latepaymentof the bill. You call
customerserviceagain,and the late fee is removed asper
the previous agreement.The next month, interestfrom the
(now removed)late feeappearson thebill. Onceagainyou
mustcall customerserviceto �x theproblem.Thissequence
of eventsis typical andresultsfrom thesystem's inability to
retroactively changethedestinationof thepayment.

Intentional Manipulation of the Past. In Orwell's
1984 [10], theprotagonist's job wasto changethepastedi-
tionsof a newspaperto re�ect thedesiresof thegovernment
to control the past. Retroactively changingseveral docu-
mentswhile maintainingconsistency hasmany applications,
somemoredangerousthanothers.

Dynamization. Somestatic algorithmsor datastruc-
turesareconstructedby performingon somedynamicdata
structurea sequenceof operationsdeterminedby the input.
For example,thepoint-locationdatastructureof Sarnakand
Tarjan[13] consistsof performinga sequenceof insertions
anddeletionsonapersistentbinarysearchtree.Makingsuch
data structuresretroactive would allow us to dynamically
modify the input by retroactively modifying the operation
sequence,thus making static algorithmsor datastructures
dynamic.

1.3 Time is not an ordinary dimension. Onemay think
that theproblemof retroactivedatastructurescanbesolved
by addingonemoredimensionto the structureundercon-
sideration.For example,in thecaseof a min-heap,it would
seemat �rst glancethatonecouldcreatea two-dimensional
variantof aheap,andtheproblemwouldbesolved.Theidea
is to assignthekey valuesof the itemsin the heapto the �
axis andusethe � axis to representtime. In this represen-
tation, eachitem in the heapis representedby a horizontal
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Figure1: A single insertionof an insertionoperationin a
retroactive heapdatastructurecan changethe outcomeof
everydelete-minoperationandthelifespanof everyelement.



line segment. The left endpointof this segmentrepresents
whenanitem is insertedinto theheapandtheright endpoint
representswhenthe item is removed. If theonly operations
supportedby theheapareinsert()anddelete-min(),thenwe
have the additionalpropertythat thereareno pointsbelow
the right endpointof any segment, becauseonly minimal
itemsare removed from the heap. While this seemsto be
acleantwo-dimensionalrepresentationof aheapthroughout
time, retroactively addingandremoving anoperationin the
heapcannotsimplybeimplementedby addingor removinga
line segment.In fact,theendpointsof all thesegmentscould
be changedby insertinga singleoperation,asillustratedin
Figure1.

Thus,while time canbe drawn asa spatialdimension,
that dimensionis specialin that complicateddependencies
may exist, so that when small changesare madeto some
part of the diagram,changesmay have to be madeto the
restof the diagram. Thus, traditionalgeometricandhigh-
dimensionaldatastructurescannotbeuseddirectly to solve
most retroactive data-structureproblems. New techniques
mustbeintroducedto createretroactivedatastructureswith-
out explicitly storingevery stateof thestructure,muchlike
Chan's breakthroughdynamic convex hull algorithm [3],
whichdoesnotexplicitly storethehull.

1.4 Outline. The rest of the paperproceedsas follows.
In Section2, we further develop the model of retroactive
data structuresand explore the possiblevariants on the
model. Next, Section 3 considerssome basic problems
about retroactivity, proving separationsamongthe model
variationsandprovingthatautomaticef�cient retroactivity is
impossiblein general.In Section4, we presenttwo general
transformationsto constructan ef�cient retroactive version
of adatastructure,onefor commutativeinvertibleoperations
andonefor any decomposablesearchproblem. Finally, in
Section5, we discussspeci�c datastructuresfor which we
proposeto createef�cient retroactive structures.Table1 in
Section5 givesapartialsummaryof theresultsobtained.

2 De�nitions

In this section, we de�ne the preciseoperationsthat we
generallydesirefrom aretroactivedatastructure.

2.1 Partial Retroactivity. Any data structural problem
can be reformulatedin the retroactive setting. In general,
thedatastructureinvolvesasequenceof updatesandqueries
madeover time. We de�ne the list �
	�� 
���������������
������ of
updatesperformedon the datastructure,where 
���� is the
operationperformedat time  "! , and  $#&%' )(*%,+�+�+-%. )/ .

Thedatastructureis partially retroactive if, in addition
to supportingupdatesandquerieson the “current state”of
the datastructure(presenttime), it supportsinsertionand
deletionof updatesat pasttimes as well. In other words,

therearetwo operationsof interest:

1. Insert01 2��
�3 : insert into � a new updateoperation
 at
time  (or beforeoperation
 � if it alreadyexists).

2. Delete0� �3 : deletethepastupdateoperation
�� from the
sequence� of updates.

Thus, the retroactive versions of standardinsert0���3
and delete0���3 operations are Insert01 2� “insert01��3 ” 3 ,
Insert01 2� “delete0���3 ” 3 , and Delete01 �3 , where  repre-
sentsa momentin time. For example,if  "!�45#.%6 87
 )! ,
Insert01 2� “insert01��3 ” 3 createsa new operation
9	 insert0���3 ,
which insertsa speci�ed element � , and modi�es history
to supposethat operation 
 occurredbetweenoperations

 � �;:<� and 
 � � in thepast. Informally, we aretraveling back
in time to a prior stateof the datastructure,introducingor
preventingan updateat that time, andthenreturningto the
presenttime.

All suchretroactive changeson the operationalhistory
of thedatastructurepotentiallyaffectall existingoperations
betweenthe time of modi�cation and the presenttime.
Particularly interestingis the(common)casein which local
changespropagatein effect to produceradically different
perceived statesof the datastructure. The challengeis to
realizetheseperceived differencesextremelyef�ciently by
implicit representations.

2.2 Full Retroactivity. The de�nitions presentedabove
captureonly a partial notion of retroactivity: the ability to
insert or deleteupdateoperationsin the past,and to view
the effects at the presenttime. Informally, we can travel
back in time to modify the past, but we cannotdirectly
observe the past. A datastructureis fully retroactive if, in
additionto allowingupdatesin thepast,it cananswerqueries
aboutthe past. In somesense,this canbe seenasmaking
a partially retroactive versionof a persistentversionof the
original structure. Thus, the standardsearch01��3 operation,
which �nds an element � in the data structure,becomes
Query0� 2� “search0���3 ” 3 , which�nds theelement� in thestate
of thedatastructureat time  .

2.3 Running Times. Whenexpressingthe runningtimes
of retroactive datastructures,we will use = for the total
numberof updatesperformedin thestructure(retroactiveor
not), > for thenumberof updatesbeforewhichtheretroactive
operationis to be performed(i.e.,  /?4�@ %A B76 /?4�@"CD# ),
and E for the maximumnumberof elementspresentin the
structureatany singletime. Mostrunningtimesin thispaper
areexpressedin termsof = , but in many cases,it is possible
to improve the datastructuresto expressthe running time
of the operationsin termsof E and > , so that retroactive
operationsperformedat a time closer to presenttime are
executedfaster. Theseimprovementsarenot detailedhere
dueto spaceconstraints.



2.4 Consistency. We assumethat only valid retroactive
operationsare performed. For example, in a retroactive
dictionary, a delete0�F-3 operationfor a key F must always
appearaftera correspondinginsert0GFH3 in thelist � ; andin a
retroactivestack,thenumberof push0G3 operationsis always
larger than the numberof pop0�3 operationsfor any pre�x
of � . The retroactive datastructureswe describein this
paperwill not checkthe validity of recursive updates,but
it is ofteneasyto createadatastructureto verify thevalidity
of a recursiveoperation.

3 GeneralTheory

The goal of this researchis to designretroactive structures
for abstractdatatypeswith performancesimilar to theirnon-
retroactive counterparts.This sectionconsiderssomeof the
mostgeneralproblemsaboutwhenthis is possible.

Unlessstatedotherwise,the resultswill apply to the
RAM modelof computation(or Real-RAMwhenrealvalues
areused),andsometimesto thepointermodel[18] aswell.
Lower boundswill be given in the straight-line-program
model[16] or in thecell-probemodel[20].

3.1 Automatic Retroactivity. A naturalquestionin this
area is the following: is there a general techniquefor
converting any datastructurein (e.g.) the pointer-machine
model into an ef�cient partially retroactive datastructure?
Sucha generaltechniquewould nicelycomplementexisting
methodsfor making data structurespersistent[4, 5]. As
describedin the introduction,retroactivity is fundamentally
different from persistence,and known techniquesdo not
applyhere.

One simple approachto this generalproblem is the
rollback method. Herewe storeasauxiliary informationall
changesto thedatastructuremadeby eachoperationin such
awaythateverychangecouldbereversed.For operationson
the present,the datastructureproceedsasnormal,modulo
someextra logging. When the userrequestsa retroactive
changeat a past time  with  �/&4�@I%J K%J )/&4�@$CL# , the
data structurerolls back all changesmadeby operations

 / ���������"
 /&4�@$CL# , then appliesthe retroactive changeas if
it were the present,and �nally re-performsall operations

 /&4�@$CL# ����������
 / . Notice that thesere-performancesmay
act differently from how the operationswere performed
before,dependingon the retroactive change. Becausethe
changesmadeto thedatastructureareboundedby thetime
takenby theoperations,astraightforwardanalysisprovesthe
following theorem:

THEOREM 3.1. Given any data structure that performs a
collection of operations each in worst case MN0�EO3 time, there
is a corresponding retroactive data structure that supports
the same operations in PQ01MN0�EO3"3 time, and supports retroac-
tive versions of those operations in PQ0�>�MN0�EO3"3 time.

Therollbackmethodiswidely usedin databasemanage-
mentsystems(seee.g.[11]) androbust�le systemsfor con-
currency controlandcrashrecovery. It hasalsobeenstudied
in thedatastructuresliteratureunderthenameof unlimited
undoor backtracking [9, 19].

Of course,this result, and its extensionto operations
with nonuniformcosts,is far too inef�cient for applications
where > can be E or even larger—the total number of
operationsperformedon thedatastructure.Thegoalwould
be to reducethe dependenceon > in the running time of
retroactive operations.We show that this is not possiblein
thestraight-line-programmodelof computation:

THEOREM 3.2. There exists a data structure in the straight-
line-program model, supporting PQ0)R�3 time update opera-
tions, but the (partially) retroactive insertions of those op-
erations require ST0�>U3 time, worst case or amortized.
Proof: The datastructuremaintainstwo values V and W ,
initially X , and supportsoperationsaddX0�Y�3 and addY01Y�3
which addthe value Y to the value V or W , andmulXY 0G3 ,
whichmultiplies W by V , andstoretheresultingvaluein W .
Queriesreturnthevalueof W .

Consider the sequenceof = 	 Z[E]\^R opera-
tions: � addY01_a`b3 , mulXY 0G3 , addY01_b`a4�#�3 , mulXY 0�3 , ����� ,
mulXY 0�3 , addY01_ac�3d� . At the endof the sequence,Ve	fX
and Wg	hX . We then retroactively insert the operation
“addX 0���3 ” at theverybeginningof thesequence.Thevalue
of W is now _<ci\j_ # �8\k_ ( � ( \l+�+�+m\k_ ` � ` , which is a
polynomialof degree E in � with arbitrarycoef�cients. By
Motzkin's theorem[16], thecomputationof thatpolynomial
for a givenvalueof � requiresST01EO3 multiplications,regard-
lessof how muchpreprocessingtime or spaceis used.Thus
the retroactive insertionof the addX01��3 operationrequires
thatmany multiplications.Becausetheretroactivemodi�ca-
tion canberepeatedanarbitrarynumberof times,andeach
modi�cation will havethesameworst-caselowerbound,the
lowerboundalsoappliesto amortizeddatastructures. n

The straight-line-programmodelcountsonly the num-
ber of arithmeticoperationsperformedby a program. Our
lower bound thus holds in more generalmodelsof com-
putation such as the Real-RAM model or the algebraic-
computation-treemodel.

3.2 From Partial to Full Retroactivity. A naturalgeneral
questionaboutthe two versionsof retroactivity is whether
partial retroactivity is indeed easier to support than full
retroactivity. In otherwords, is it easierto answerqueries
only aboutthepresent?We �rst giveapartialanswer:

THEOREM 3.3. In the cell-probe model, there exists a
data structure supporting partially retroactive updates in
PQ0�Ro3 time, but fully retroactive queries of the past require
ST01prqtsuELvDpwqxsypwqxsuEO3 time.



Proof: The data structureis for the following problem:
maintaina set of numberssubjectto the updateinsert0�Y�3 ,
whichaddsanumberY to theset,andthequerysum0�3 which
reportsthesumof all of thenumbers.For this problem,the
only retroactive updateoperationsare Insert0� 2� “insert0�Y�3 ”)
andDelete0� �3 , whoseeffectsonqueriesaboutthepresentare
to addor subtracta numberto thecurrentaggregate.Thus,
a simple datastructuresolves partially retroactive updates
in PQ0)R�3 time per operation. In contrast,to supportqueries
at arbitrary times, we needto rememberthe order of the
updateoperationsandsupportarbitrarypre�x sums. Thus,
we obtaina lower boundof ST0�pwqxs�ELvDpwqxsypwqxsuEO3 in the cell-
probemodelby a reductionfrom dynamicpre�x sums[7].
n

On the other hand, we can show that it is always
possible,at somecost,to converta partially retroactivedata
structureinto a fully retroactiveone:

THEOREM 3.4. Any partially retroactive data structure in
the pointer-machine model with constant indegree, support-
ing MN01=93 -time retroactive updates and z{01=93 -time queries
about the present can be transformed into a fully retroactive
data structure with amortized PQ0}| =~MN01=93"3 -time retroac-
tive updates and PQ0d| =~M�0�=B3D\�z{01=93"3 -time fully retroac-
tive queries using PQ0�=�MN01=93"3 space.
Proof: We de�ne | = checkpoints  # ���������" "� / suchthatat
most Z<| = operationshave occurredbetweenconsecutive
checkpoints,and maintain | = versionsof the partially
retroactivedatastructure� # ���������$�{� / , wherethestructure
� ! only containsthe updatesthat occurredbeforetime  ! .
When a retroactive update is performed for time  , we
perform the updateon all structures� ! suchthat  !B�  .
When a retroactive query is madeat time  , we �nd the
largest � suchthat  8�
 )! , and perform on �Q! all updates
thatoccurredbetweentimes  "! and  , and�nally performthe
queryon theresultingstructure.

In order to reducespace,we usepersistentdatastruc-
tures[4]. Givenasequenceof = operations,weperformthe
sequenceonafully persistentversionof thepartiallyretroac-
tive datastructure,andkeepa pointer � ! to theversionob-
tainedafterthe�rst ��| = operationsfor ��	kRt���������2| = . The
retroactiveupdatesbranchoff anew versionof thedatastruc-
ture for eachof the modi�ed � ! . After | =BvUZ retroactive
updateshave beenperformed,we rebuild the entire struc-
ture in time PQ0�=�MN0�=B3�3 . This will ensurethat the number
of updatesbetweenany two checkpointsis alwaysbetween
| =�vUZ and �a| =BvxZ . The resultingdatastructurewill have
the claimedrunning times. The fully persistentversionof
thepartially retroactivedatastructureaftera rebuild will use
at most PQ01=�M�0�=B3�3 spacebecauseit can useat most one
unit of spacefor eachcomputationalstep. The datastruc-
turewill performatmost | =�vUZ retroactiveupdatesbetween
two rebuilds,eachusingatmost PQ0}| =~MN01=93"3 timeandex-
tra space,andsothespaceusedby thefully retroactivedata

structurewill neverexceedPQ0�=�MN0�=B3�3 . n

4 Transformable Structur es

In this section,we presentsomegeneraltransformationsto
make datastructurespartially or fully retroactive for several
easyclassesof problems.

4.1 Commutative Operations. To highlight the dif�cult
caseof nonlocaleffects,wede�ne thenotionof commutative
operations. A set of operationtypes is commutative if
the stateof the datastructureresultingfrom a sequenceof
operationsis independentof theorderof thoseoperations.

If a datastructurehasa commutative setof operations,
performinganoperationatany point in thepasthasthesame
effectasperformingit in thepresent,sowehave:

LEMMA 4.1. Any data structure supporting a commutative
set of operations allows the retroactive insertion of opera-
tions in the past (and queries in the present) at no additional
asymptotic cost.

We saythata setof operationsis invertible if, for every
operation 
 , thereis anotheroperation 
�� that negatesthe
effects of operation 
 , that is, the sequenceof operations
� 
D��
���� doesn't changethestateof thedatastructure.

LEMMA 4.2. Any data structure supporting a commuta-
tive and invertible set of operations can be made partially
retroactive at no additional asymptotic cost.

For example,a datastructurefor searchable dynamic
partial sums [12] maintainsanarray �N�rRx�w� E�� of values,where
sum0��)3 returnsthe sumof the �rst � elementsof the array,
search0r�a3 returnsthe smallest� suchthat sum0��)3���� , and
update0����"Y�3 addsthe value Y to ��� �G� . The stateof the data
structureat thepresenttime is clearlyindependentof theor-
derof theupdateoperations,soit is commutative.Any oper-
ationupdate01�$�$Y�3 is negatedby theoperationupdate01�$����Y�3 ,
so the updatesarealsoinvertible,andso any datastructure
for searchabledynamicpartial sumsis automaticallypar-
tially retroactive.

An importantclassof commutative datastructuresare
for searching problems. The goal is to maintaina set � of
objectsunderinsertionanddeletionoperations,so that we
canef�ciently answerqueriesz{01�O�$��3 thatasksomerelation
of a new object � with the set � . Becausea set � is by
de�nition unordered,the set of operationsfor a searching
problemis commutative,giventhatthedeletionof anobject
is always performedafter its insertion. As long as the
retroactiveupdatesdonotviolatethisconsistency condition,
wehave:

LEMMA 4.3. Any data structure for a searching problem
can be made partially retroactive at no additional asymptotic
cost.



For example, dictionary structures,but also dynamic
convex hull or planar width data structurescan be stated
as searchingproblemsand are thus automaticallypartially
retroactive.Notethattheseresultscanalsobecombinedwith
Theorem3.4to obtainfully retroactivedatastructures.

4.2 Decomposable Searching Problems. A searching
problem maintainsa set � of objects subject to queries
z{0��L�$�u3 that asksomerelationof a new object � with the
set � . We alreadysaw in Lemma4.3 thatdatastructuresfor
searchingproblemsareautomaticallypartiallyretroactive.A
searchingproblemis decomposable if thereisabinaryopera-
tor n (computablein constanttime)suchthat z{01�O�"�Q����3�	
n&0�z�0��O�$�&3��$z{01�O�"��3�3 . Decomposablesearchingproblems
have beenstudiedextensively by Bentley andSaxe [2]. In
particular, they show how to transforma static datastruc-
ture for sucha probleminto an ef�cient dynamicone. In
this section,we show thatdatastructuresfor decomposable
searchingproblemscanalsobemadefully retroactive.

THEOREM 4.1. Any data structure for a decomposable
searching problem supporting insertions, deletions, and
queries in time MN0�EO3 and space ��0�EO3 can be transformed
into a fully retroactive data structure with all opera-
tions taking time PQ01MN0�=B3�3 if MN01=93�	hST0�EL��3 for some� � X , or PQ01MN0�=B3apwqxs�=93 otherwise. The space used is
PQ0���01=93apwqxs�=93 .
Proof: Every elementthat was ever insertedin the data
structure can be representedby a segment on the time
line, betweenits insertion time and its deletion time (or
presenttime if it wasn't deleted). We maintaina segment
tree [1], which is a balancedbinary tree wherethe leaves
correspondto theelementaryintervalsbetweenconsecutive
endpointsof thesegments,andinternalnodescorrespondto
the union of the intervals of their children. Eachsegment
is thusrepresentedastheunionof PQ01prqts�=B3 intervals,each
representedby onenodeof thetree,andeachnodeof thetree
will containthesetof segmentsit represents.For eachnode,
wemaintainthatsetin adatastructuresupportingthedesired
queries. Eachretroactive updateaffectsat most PQ0�pwqxs�=B3
of thosedatastructures. Given a point  on the timeline,
the setof segmentscontainingthat point canbe expressed
as the union of PQ01prqts�=B3 setsfrom as many nodes. For
a retroactive queryQuery01 2����3 , we query � in eachof the
PQ0�pwqxs�=B3 setsand composethe global result using the n
operator. If MN0�=B3u	KST01EO�"3 , thenthequeryandupdatetimes
for a retroactive operationform a geometricprogression
and the total time is PQ01MN0�EO3"3 , otherwise,the total time is
PQ0�MN01=93apwqxs�=93 . n

For example,dictionaries,dynamicpoint location,and
nearest-neighborquerydatastructuressolve decomposable
searchingproblemsthuscanbe madefully retroactive. Of
course,in many cases,it will be possibleto improve the
fully retroactive datastructuresobtainedthroughthe appli-

cationof Theorem4.1. For example,any comparison-based
dictionary whereonly exact searchqueriesare performed
canbe madefully retroactive by storingwith eachkey the
timesat which it waspresentin thestructure.Theresulting
datastructurewill use PQ01=93 spaceandall operationscanbe
performedin PQ01prqts�=B3 time,a pwqxs�= factorimprovementin
both time andspaceover thestraightforwardapplicationof
Theorem4.1.

In other cases,though, improving upon the structures
obtainedfrom Theorem4.1 seemsrather dif�cult, as is
the casefor examplewith the dictionaryproblemallowing
predecessorand successorqueries. Indeed,we can view
it as a geometricproblem, in which we maintaina set of
horizontalline segments,wherethe � coordinateof eachline
segment is the element's key and the � extent of the line
segmentis the element's lifetime. A fasterretroactive data
structurewould immediatelyresultin a fasterdatastructure
for dynamic planar point location for orthogonalregions,
which mayalsoplay a role in generaldynamicplanarpoint
location. In fact, this retroactive approachis hinted at as
a researchdirection for dynamic planarpoint location by
Snoeyink [15, p. 566].

5 Maintaining the Timeline

We showed in Theorem3.2 in Section3.1 that no general
techniquecan turn every data structure into an ef�cient
retroactivecounterpart.This suggeststhat in orderto obtain
ef�cient data structures,we need to study special cases
separately. In this section, we show how to construct
retroactive data structuresby maintaining a structureon
top of the sequence� of updateoperations(the timeline).
Table1 givesapartialsummaryof our results.

In the following, we assumethat the sequence� is
maintainedin a doubly linked list, andthatwhena retroac-
tive operationis performedat time  , a pointerto theopera-
tion following time  in � is provided(sucha pointercould
for examplehave beenstoredduring a previous operation).
In thecasewherethepointeris not provided,it couldeasily

Data Partially Fully
Structure Retroactive Retroactive

Dictionary(exact) PQ01prqts�=B3 PQ0�pwqxs�=93
Dictionary(successor) PQ0�pwqxs�=93 PQ0�pwqxs ( =B3

Queue PQ0)R�3 PQ01prqts�=B3
Stack PQ0�pwqxs�=93 PQ0�pwqxs�=B3

DEQUE PQ0�pwqxs�=93 PQ0�pwqxs�=B3
Union/Find PQ01prqts�=B3 PQ01prqts�=B3

Priority Queue PQ01prqts�=B3 PQ0 | =~pwqxsu=B3
Table 1: Running times for retroactive versionsof a few
commondatastructures.= is thenumberof operations.



be found in PQ0�pwqxs�=93 time by maintaininga binary search
treeindexedby timeon topof � .

5.1 Queues.A queue supports two update operations,
enqueue0���3 anddequeue0�3 andtwo queryoperations,front 0G3
which returnsthe next elementto be dequeued,andback0�3
which returns the last elementenqueued. Here we de-
scribetwo datastructure,onepartially retroactive andone
fully retroactive, that thus support the updateoperations
Insert01 2� “enqueue01��3 ” 3 , Insert0� 2� “dequeue0�3 ” 3 , Delete01 �3 ,
and queries,Query0� 2� “front 0G3 ” 3 , and Query01 2� “back0�3 ” 3 .
The partially retroactive data structure will only allow
queriesat thepresenttime, thatis, at time  y	~X .
LEMMA 5.1. There exists a partially retroactive queue
data structure with all retroactive updates and present-time
queries taking PQ0�Ro3 time.
Proof: Thedatastructuremaintainstheenqueueoperations
in a doublylinkedlist, andtwo pointers: � will point to the
last enqueuedelementin the sequence,and � to the next
elementto be dequeued.Whenan enqueueis retroactively
inserted,if it occursbeforethe operationpointedto by � ,
we move that pointerto its predecessor. Whenan enqueue
is removed, if it occursbeforethe operationpointedby � ,
we move that pointer to its successor. When a dequeue,
retroactive or not, is performed,we move the front pointer
to its successor, andwhena dequeueis removed,we move
the front pointer to its predecessor. The � pointer is only
updatedwhen we add an enqueueoperationat the end of
the list. The front 0G3 andback0�3 operationsreturnthe items
pointedby � and � , respectively. n
LEMMA 5.2. There exists a fully retroactive queue data
structure with all retroactive operations taking time
PQ0�pwqxs�=B3 and present-time operations taking PQ0)R�3 time.
Proof: We maintaintwo order-statistictreesML� and M5� . The
tree M5� storestheenqueue0���3 operationssortedby time,and
the M5� storesthedequeue0G3 operations,sortedby time. The
updateoperationscanthenbe implementeddirectly in time
PQ0�pwqxs�=B3 , where = is the size of the operationsequence
currentlystored.

The Query0� 2� “front 0G3 ” 3 operationis implementedby
querying M � to determinethe number   of dequeue0�3 op-
erationsperformed at or before time  . The operation
then returns the item in M � with time rank  �\¡R . The
Query0� 2� “back0�3 ” 3 operationuses � to determinethenum-
ber ¢ of enqueue0G3 operationsthatwereperformedat or be-
fore time  , and simply returnsthe item in MO� with time
rank ¢ . Thus,bothqueriescanexecutedin time PQ0�pwqxs�=93 .

Using balancedsearch trees supporting updates in
worst-caseconstant-time[6], and by maintainingpointers
into the treesto the current front and back of the queues,
updatesand queriesat the current time can be supported
in PQ0)R�3 time. Thus queuesmay be madeef�ciently fully

retroactivewithout changingtheir asymptoticrun-times. n

5.2 Doubly Ended Queues.A doubly ended queue
(deque)maintainsa list of elementsandsupportsfour up-
dateoperations:pushL01��3 , popL0�3 which insertor deletean
elementat the left endpointof the list, pushR0���3 , popR0G3 ,
which insertor deleteanelementat theright endpointof the
list, andtwo queryoperationsleft 0G3 andright 0�3 that return
theleftmostor rightmostelementin thelist. Thedequegen-
eralizesboththequeueandthestack.

THEOREM 5.1. There exists a fully retroactive DEQUE
data structure with all retroactive operations taking time
PQ01prqts�=B3 and present-time operations taking PQ0)R�3 time.
Proof: In a standardimplementationof a DEQUE in an
array � , we initialize variables£¤	¥R and ¦�	6X . Then
a pushR0���3 operationincrements¦ andplaces� in �N� ¦&� ,
popR0G3 decrements¦ , pushL0���3 decrements£ andplaces
� in ��� £u� , andpopL0�3 increments£ . The operationleft 0G3
returns��� £u� andright 0�3 returns��� ¦&� .

In our retroactive implementationof aDEQUE, wealso
maintain £ and ¦ : if we maintainall pushR0���3 andpopR0�3
operationsin alinkedlist ��§ andassociateaweightof \�R to
eachpushR01��3 operationandaweightof �*R to eachpopR0�3 ,
then ¦ at time  canbe calculatedasa weightedsumof a
pre�x of the list up to time  . Thesamecanbedonefor £ ,
maintainingthelist �u¨ , andreversingtheweights.

The values of the sums for all pre�xes of � § can
be maintainedin the modi�ed 01_��$©�3 -tree of [6] with the
elementsof the list as leaves. Every nodeof the treewill
containa value > , andthe sumof the > valuesalonga path
to a leaf will computethe sum of the pre�x of � § up to
that element. After insertingan elementwith weight Y in
the list and in the tree, we set the > value in the leaf to Y
andwalk along the path to the root, andadd Y to the > of
all right siblings along the path. Deletionsare processed
symmetrically.

Finally, we have to describehow to extract �N� ��� from
the datastructure,where �ª	^¦ at time  . For this, we
augmenteachnodeof thetreewith two valuescontainingthe
minimumandmaximumpre�x sumvaluesfor all theleaves
in its subtree.Notethatthesevaluescanalsobemaintained
afterinsertionsanddeletionsby addingY to themwhenever Y
is addedto the > valueof thesamenode,andupdatingthem
if aninsertionoccursin their subtree.

To �nd the contentsof �N� �G� at time  , we �nd the last
time  � 7. when ¦ hadvalue � . Thiscanbedoneby �nding
the last operationin ��§ beforetime  , walking up the tree,
and walking back down the rightmostsubtreefor which �
is betweentheminimumandmaximumvalue. Thesameis
donefor � ¨ . n

5.3 Union-Find. A union-�nd datastructure[17] main-
tainsanequivalencerelationon a set � of distinctelements,



that is, a partition of � into disjoint subsets(equivalence
classes).Theoperationcreate0�_a3 createsa new element_ in
� , with itsown equivalenceclass,union0�_��$©�3 mergesthetwo
setsthatcontain _ and © , and�nd 0�_a3 returnsa uniquerepre-
sentative elementfor theclassof _ . Note that the represen-
tative might be differentafter eachupdate,so the main use
of �nd 0�_a3 is two determineif two elementsarein thesame
class.The Union-Findstructurecanbe madefully retroac-
tive, but to simplify the discussion,we replacethe �nd 01_b3
operationby asameset01_��$©�3 operationwhichdeterminesif _
and © arein thesameequivalenceclass.

THEOREM 5.2. There exists a fully retroactive Union-
SameSet data structure supporting all operations in
PQ0�pwqxs�=B3 time.
Proof: The equivalencerelation can be representedby a
forest, whereeachequivalenceclasscorrespondsto a tree
in the forest. Thecreate0�_b3 operationconstructsa new tree
in theforestwith a uniquenode _ , sameset0�_m��©�3 determines
if therootof thetreesof _ and © arethesame,andunion0�_��$©�3
assumes_ and © arenot in the sametree,sets © asthe root
of the tree that containsit, andcreatesan edgebetween_
and © . Sucha forestcanbemaintainedin PQ0�pwqxs�=93 timeper
operationusingthelink-cut treesof SleatorandTarjan[14],
whichmaintainaforestandsupportthecreationanddeletion
of nodes,edges,andthechangingof therootof a tree.

In orderto supportretroactiveoperations,wemodify the
above structureby addingto eachedgethe time at which it
wascreated.The link-cut treestructurealsoallows to �nd
themaximumedgevalueon a pathbetweentwo nodes.To
determinewhethertwo nodesarein the samesetat time  ,
we just have to verify that the maximumedgetime on the
pathfrom _ to © is no largerthan  . n

5.4 Priority Queues.More sophisticatedthan queues,
stacksanddequesis thepriority queue, which supportsop-
erationsinsert0�F-3 , which insertsan elementwith key value
F , delete-min0�3 whichdeletestheelementwith smallestkey,
and the query �nd-min 0�3 which reportsthe current mini-
mum key element. The delete-min0�3 operationis particu-
larly interestingherebecauseof its dependenceon all oper-
ationsin the past: which elementgetsdeleteddependson
the set of elementswhen the operationis executed. More
precisely, it is delete-min0�3 thatmakesthesetof operations
non-commutative.

Priority queuesseemsubstantiallymore challenging
thanqueuesandstacks.Figure1 shows an exampleof the
major nonlocaleffects causedby a minor modi�cation to
the pastin a priority queue. In particular, in this example,
the lifetime of all elementschangebecauseof a single
Insert01 2� “insert0GFH3 ” 3 operation. Such cascadingeffects
needto be succinctlyrepresentedin orderto avoid the cost
inherentin any explicit maintenanceof elementlifetimes.

Without lossof generality, weassumethatall key values

insertedin thestructurearedistinct.  $« will beusedto denote
theinsertiontimeof key F , and b« its deletiontime. Wewrite
z � for the set of elementscontainedin the priority queue
at time  , andso z*c is the setof elementsin the queuein
the presenttime. Let ¬[­ � 	¯®�F5°  �«±�� �² be the setof keys
insertedaftertime t, and ��­ � 	k®�F³v´ zTc<°  <«��µ �² betheset
of keysdeletedaftertime  .

In order to constructa retroactive priority queue,we
need to learn more about the structure of the problem.
For this, we representa sequenceof updatesby a planar
�gure where the � axis representstime, and the � axis
representskey values. In this representation,eachitem F
in the heap is representedby a horizontal line segment.
Theleft endpoint 01 "«a�$FH3 of this segmentrepresentswhenan
item is insertedinto theheapandtheright endpoint 01 H«a��FH3
representswhen the item is removed. Similarly, a delete-
min 0G3 operationis representedby a vertical ray shooting
from �]	¶�&· and stoppingat the intersectionwith the
horizontalsegmentrepresentingtheelementit deletes.Thus,
insert0GFH3 operationspairedwith their correspondingdelete-
min 0G3 aretogetherrepresentedby upside-down “L” shapes,
andnotwo “L” intersect,while elementsstill in thestructure
at presenttime (i.e. in z c ) are representedby horizontal
rays.SeeFigure2.

Figure2: The“L” representationof asequenceof operations.

Oneobviousinvariantof a priority queuedatastructure
is that the number ° z c ° of elementspresentin the queue
is alwaysequalto the numberof insertsminusthe number
of delete-minoperations.Thus,whenwe addan operation

ª	 “insert0�FH3 ” at time  in thepast,oneelementwill have
to beaddedin z c . Therearetwo possibilities:if theelement
F is not deletedbetweentime  andpresenttime, F canjust
beaddedto z*c . Otherwise,theelementF is deletedby some
operation 
��9	 “delete-min0�3 ”, but then the elementthat
wassupposedto be deletedby 
�� will stay in the structure
a little longeruntil it is deletedby someotherdelete-min0�3
operationandsoon. Sotheinsertionof operation
 causesa
cascadeof changeswhich is depictedin Figure3.

LEMMA 5.3. After an operation Insert 0� 2� “insert 0GFH3 ” 3 , the



Figure 3: The Insert0� 2� “insert0�F-3 ” 3 operation causesa
cascadeof changesof deletion times, and one insertion
in zTc .

Figure4: The Insert0� 2� “delete-min0�3 ” 3 operationcausesa
cascadeof changesof deletiontimes,andonedeletionin z c .

element to be inserted in z*c is

¸{¹[º 0�F�� ¸Q¹Uº«2»1¼x½�¾x¿ F � 3
Proof: As discussedabove, the retroactive insertion will
causeseveral elementsto extend the time they are present
in the structure. Considerthe chain of keys F¡%^Fb#I%
Fx(�%I+�+�+m%�F[À whoselife in thestructureis extended.After
theretroactiveupdate,theextendedpiecesof horizontalseg-
mentsarefrom 01 2�$FH3 to 01 a«��[�$FH3 , from 01 a«��2��F ! 3 to 0� <«��wÁ<�U�$F ! 3
for �{	¥Rx���������)Âi�kR , and �nally from 01 b«$Ão��F À 3 to 01X-�$F À 3 .
They formanondecreasingstepfunctionwhich,byconstruc-
tion, is not properlyintersectedby any of the(updated)ver-
tical rays.Thekey thatwill beaddedto zic at theendof the
retroactiveupdateis F À . Supposethereis a key ÄF largerthan
F À in �Å­ � . This impliesthat 01 5Æ« �UÄFb3 is above everysegment
of thestepfunction.But then,theverticalrayfrom thatpoint
intersectsthestepfunction,which is a contradiction.In the
particularcasewhere F is never deleted,thestepfunctionis
just onehorizontalsegmentandthesameargumentholds. n

Note that removing a delete-min0�3 operationhas the
sameeffectasre-insertingtheelementthatwasbeingdeleted
at thetimeof thedeletion.Sowehave:

COROLLARY 5.1. After an operation Delete 01 �3 , where the
operation at time  is “delete-min 0G3 ”, the element to be
inserted in zTc is ¸Q¹Uº

«2»1¼x½�¾x¿ F �

Because� ­ � can changefor many valuesof  each
time an operationis performed,it would be quite dif�cult
to maintainexplicitly. Thenext lemmawill allow usto avoid
this task.We saythatthereis a bridge at time  if zi�ÈÇKz c .
Bridgesaredisplayedasdottedverticallinesin Figure2.

LEMMA 5.4. Let  �� be the last bridge before  , then

¸{¹[º
« » ¼x½�¾x¿ F � 	

¸{¹[º
« » ¼xÉ ¾x¿ » 4�ÊLË F �

Proof: By de�nition of ��­ � , any key Fb� in ��­ � is not in z*c .
If the same F � was insertedbeforetime  � , then F � ´ z � » ,
but this would contradictthe fact that  "� is a bridge,andso
FH� ´ ¬ ­ � » �ªz c . This showsthat � ­ ��Ç�¬ ­ � » �ªz c , andso

¸{¹[º
« » ¼x½�¾x¿ F � 7

¸{¹[º
« » ¼xÉ ¾x¿ » 4�Ê Ë F �

Let ÄF 	 ¸Q¹Uº « » ¼xÉ ¾x¿ » 4�Ê Ë Fb� , and suppose ÄF �
¸{¹Uº « » ¼x½�¾x¿ Fb� . This implies ÄFÌv´ � ­ � , andso  ���%j  Æ« %� .
Because )� wasthe last bridgebeforetime  ,   Æ« cannotbe
a bridge, and so thereis anotherkey F-� � ´ z �[ÍÎ ��zTc�Ç
¬[­ � » ��z*c , and Fb� � � ÄF otherwiseFb� � would be deletedin-
steadof ÄF . But this contradictsthat ÄF wasmaximum. n

We next study the effect of adding an operation

K	 “delete-min0�3 ” at time  in the past. In that case,one
elementwill have to be removed from zic . Again, this op-
erationwill have a cascadingeffect: if it is not in zic , the
key F that will be deletedby operation
 wassupposedto
be deletedby the operation
�� at time  a« , but as F is being
deletedat time  by 
 , the operation
�� will deletethe next
key up,andsoon. SeeFigure4.

LEMMA 5.5. After an operation Insert 01 2� “delete-min 0�3 ” 3 ,
the element to be removed from zic is

¸�ÏwÐ
«o¼ Ê ¿ » F

where  )� is the first bridge after time  .
Proof: Considerthechainof keys F # %KF ( %j+�+�+m%~F À %~F
whoselife in thestructureis shortened,with F ! ´ �Å­ � and
F ´ zTc . After the retroactive update,the shortenedpieces
of horizontalsegmentsare from 01 2�$Fb#�3 to 0�  « �[�$Fa#�3 , from
0�  « ��:<����Fx!d3 to 01  « �2�$Ft!d3 for �Ñ	^ZH����������Â , and �nally from
0�  « Ã���FH3 to 0�XH�$F-3 . First, it mustbeclearthatthereis abridge
at   « Ã becausethereis nokey smallerthan F in z�� Î Ã , andall
keyslargerthan F in zN� Î Ã arealsoin z c becauseF ´ z c . So
wejusthaveto show thatthereis nobridge  "� � betweentimes
 and  a«$Ã . For this we observe that theshortenedsegments



at times  � � ´ �  2�" a«$Ã�3 form a stepfunction,andthatnoneof
thekeys F ! correspondingto thestepsarein zic , but they are
in z � » » . n

Becauseremoving an“insert0GFH3 ” operationfrom time  
has the sameeffect as adding a “delete-min0�3 ” operation
directlyafterit, wealsohave:

COROLLARY 5.2. After an operation Delete 01 �3 where the
operation at time  is 
 � 	 “insert 0�F-3 ”, the element to be
removed from z c is F if F ´ z c ; otherwise, it is

¸�ÏwÐ
« » ¼ Ê ¿ » F �

where  �� is the first bridge after time  .
Again,becausewedon't explicitly maintainzN� for all  ,

we easethecomputationby usingthat,if  "� is a bridge,then
zT� » 	K¬�Ò�� »HÓ z c .
THEOREM 5.3. There exists a partially retroactive priority
queue data structure with all retroactive updates taking time
PQ0�pwqxs�=B3 and present-time queries taking PQ0�Ro3 time.
Proof: Thehistoryof all updateoperationsis maintainedin
adoublylinkedlist, andthedatastructurewill alsoexplicitly
maintaintheset z*c in a binary searchtree,andassociating
with eachkey a pointer to its insert operationin the list.
After eachretroactive update,an elementwill be inserted
or deletedfrom z*c accordingto the rulesdescribedin the
lemmasabove. In orderto decidewhichelementto insertor
delete,weneedtobeableto performtwo typesof operations:

A. �nd thelastbridgebefore or the�rst bridgeafter  ;
B. �nd the maximumkey in ¬[­ � » �KzTc or the minimum

key in ¬[Òm� »HÓ z c .
If we maintainthe list of updates,assigninga weight

of X to insert0�F-3 operationswith F ´ z c , \�R to insert0GFH3
with FÔv´ z c , and �*R to delete-min0G3 operations,every
bridgecorrespondsto apre�x with sum X . So,usingthedata
structureusedin Theorem5.1,we cananswerthequeriesof
typeA in PQ01prqts�=B3 time. Becauseevery retroactive update
addsor deletesat most one elementfrom zic , only one
weight changehasto be performedin the structure,which
alsotakes PQ01prqts�=B3 .

If we maintainthe list of insertionsaugmentedby the
modi�ed 0�_m��©�3 -treeof [6], andstorein eachinternalnode
the maximumof all keys in its subtreewhich areabsentin
z c , we caneasily �nd the maximumkey in ¬ ­ � » �Kz c in
PQ0�pwqxs�=B3 timeby walkingdown thetree.Theminimumkey
in ¬�Ò�� » Ó z c can also be maintainedif we store in every
internal node of the tree the minimum of all keys in its
subtreewhich are in z c . Thosevaluescanbe maintained
in PQ01prqts�=B3 timeperretroactiveupdatebecauseeachupdate
changesat mostoneelementof zic . n
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particular, López-Ortiz [8] considered some related notions.

References
[1] J. Bentley. Algorithms for Klee’s rectangle problems. un-

published manuscript, Dept. of Computer Science, Carnegie-
Mellon University, 1977.

[2] J. L. Bentley and J. B. Saxe. Decomposable searching
problems I: Static-to-dynamic transformations. J. Algorithms,
1:301–358, 1980.

[3] T. M. Chan. Dynamic planar convex hull operations in near-
logarithmic amortized time. J. ACM, 48:1–12, 2001.

[4] J. R. Driscoll, N. Sarnak, D. D. Sleator, and R. E. Tarjan.
Making data structures persistent. Journal of Computer and
System Sciences, 38(1):86–124, 1989.

[5] A. Fiat and H. Kaplan. Making data structures confluently
persistent. In Proc. 12th Ann. Symp. Discrete Algorithms,
pages 537–546, Washington, DC, January 2001.

[6] R. Fleischer. A simple balanced search tree with ÕTÖd×�Ø worst-
case update time. International Journal of Foundations of
Computer Science, 7(2):137–149, 1996.

[7] M. L. Fredman and M. E. Saks. The cell probe complexity of
dynamic data structures. In Proc. of the 21st ACM Symposium
on Theory of Computing, pages 345–354, May 1989.
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