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— set F of facilities,

— set C of cities,

— opening cost f; for 1 € F, and

— connection cost ¢;; for i € F and j € C,

find:
— set S C F of facilities tc cpen, and
— an assignment ¢ . C — S cf cities tc cpen tacilities

to minimize the total cost Y fi+ > ¢y
i€S jec

Assume the ccnnecticn ccsts are metric.
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W -\VS Alcoritbm

— Stort at time t = 0. Set «; = O tor every j.

— At any time, the amount that unccnnected city 5 coffers to
contricute to facility ¢ is max(a; — ¢;4,C). If j is ccnnected
tc ¢/, the amcunt of its cffer to facility ¢ is ma X (¢ — €45, 0).

— Increase «; for 2ll unconnected cities j at the same rate, until

e total amcount cffered tc an uncpened facility ¢ equzals f;
Cpren 7 and cecnnect it tc every city with & ncnzerc cffer.

e for o city j and a tfacility ¢ that is already open, a; = ¢;;
Ccnnect 5 to .
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\‘% JMVIS Algerithm — Facter-Reveealing LP

It v is an upper bcund cn the scluticn cof the fellcwing pregram
2N E o, )
maximize .
+ z=1d

subject tc V1 <i<k: o; <41
Vi<jg<i<k: rj; 2rjis1
V1<j<i<k: og<rji+d;+d,
V1i<i<k: zg;ll max(r;; — d;, 0)
+ 5 max(ey —d;,0) < f
Vi<ji<:<k: ozjadjafarjaiZO

o

then the JMS Algerithm is 2 ~v-appreximaticn!
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Generclized cpproximaticn ratic

NVicre generally,

Definiticn. An algerithm is & (¢, vc)-appreximation algerithm
fcer FLP, if for every instence Z, and every scluticn SCL ftor 7
with facility cest Fggr and connecticn cost Cggr, the cost of
the scluticn found by the algerithm is 2t moest v¢Fsor +vcCsolL-

Thecrem. The _NMS algoerithm is & (yf,%)—approximation al-
gorithm for UFLP, where for every ~¢, the value of . can be
cocmputed using @ similar facter-revecling LP.
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A Tradecff

Fcr example,

The _MS Algerithm is 2@ (1.61,1.61) -appreximaticn algerithm.
(1,2)
(1.11,1.78)

In generzl, we can ccmpute . empirically:
2,

1.8
1.6
1.4+

1.2




\% Digressicn: Scft-capacitated FLP

It is usually useful tc have sepe appreximeation ratics for fao-
cility and ccnnecticn costs.
Example:

Linear-cecst FLP is similar tc UFLP, except the cecst of each copen
facility is @ linear functicn cf the numkber cf cities it serves.

Thecrem. There is @ (1, 2)-appreximaticn algerithm for LFLP.
Soft—cap itated FLP is similar tc UFLP, except that each tacil-

ity he apac |’ry u;, oanc we are allecwed tc cpen multiple cepies
cf e'ach f Cility.

Thecrem. There is ¢ (2, 1)-aprroximate reducticn frcm SCFLP
tc LFLP.

Ccrcllary. There is ¢ 2-appreximati algerithm fer SCFLP.
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An improved algerithm for UFLP

1. Scele up the ftacility cests by ¢ facter of 6.
2. Run the _MS Aldgerithm tc sclve the scaled-up instance.

3. Sccle down the facility cests back te their criginal value,
ot the same rate. It at eny pcint, & tacility cculd kbe cpened
withcut increasing the tectal cest, cpen the tacility and
ccnnect each city tc the clecsest cpen facility.

This step is equivalent tc ¢ greecy cugmenteticn precedure
ct Chearikar and Cuhe.
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W Arciysis

Ccnsider @ star (as in the anzlysis of the JMS Algerithm):

Veriables «j,d;, f,r;; are defined as betore (based cn the first
chase of the algorithm).



@ Analysis, cent'd

Frcm the znalysis ctf the JMS zlgerithm, we have the fellewing

inequzalities:
4 )

Vi<i<k: ozz-SOzH_l

Vi<ji<i<k: rjaizrjai-I—l

Vl§j<i§kiai§7°j7i—|—di—|—dj
- : —1

Vi<:i<Ek: Z;Zl max(rjaz- —djaO)

+ Y5 max(e; —d;,0) < 6f

\ V1Si<i<k:oagd;fir20
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@ Analysis, cent'd

In crder tc analyze the secend phease, we slightly change it:
Assume the sceling facter is changed discretely in L steps tc
0 =901 >03>--->075 =1.

After cecreasing the scaling tacter frem 9;_1 tc ¢;, we ccnsider
facilities in an arbitrary crder, and cpen thecse thet can be cpened
without increecsing the total cest.

Let r; 4, dencte the connecticn cost thet city j pays after we
change the sceling facter te o; and precess all facilities.

Therefore,

> max(rjpy; —dj, C) < 6 f
=1



;‘x Analysis, cont’'c

FHow much deces city j pay for facility cests in this algerithm™

In the first phase: «; in total, a; — i k41 fcr facility cost.
After reducing the scaling factor tC 0;4.1: 7 ki — Tj kdit1-

Theretcre, total share cf city 5 of ftacility costs is

0 041
Thus, the tctel cost is:

L-—1
j — T k41 | Tjk+i — Tjk+i+1
J 7,.k=+ Z 7,.k=+ J,k+i+ .
=1

k L-1
a DR fr’aak 1 fr’aak * — fr’aak . 1
Zl( ? 53 + + Zl s 5-|—Jl NAS +7°j7k_|_L_|_1).
j: 1= ]
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\X Analysis, cont’'c

Therefcre, the scluticn cf the fellewing tacter-reveeling LP gives

an upper bcund cn the appreximaticon ratic of the

clgoerithm.

-~

maximize

sukbject tc

(H—Z (H—l i)rj,k—l—z)
FHY i1 d;
Vi<i<k:
Vi<ji<i<k:
Vi<j<i<k: aigrjaz+dz+dj
V1i<i<k: zg;ll max(r;; — d;, 0)

+ 25 max(ey —d;,0) < 6f
V1<i<L: Y5 g max(r) it
Vi<ji<:<k: ozjadjafarjaiZO

a; < ai-I—l

Tji = Tj,i+1

~
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Appreximeaticn ratic cof the algerithm

Lsing the facter-revecling LP, it is easy tc shcw that:

Thecrem. If the JVS clgerithm is ¢ (yf,%)—approximation al-

gorithm for UFLP, then our algorithm is & (y5 + In(8), 1 + 21)-
appreximeation algerithm for UFLP.

Using (v¢,7¢) = (1.11,1.78) and § = 1.504, by the above thecrem
cur clgerithm is ¢ 1.52-zgppreximeaticon zlgerithm for UFLP.
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Cpen cuesticns

o For every v¢ > 1, find @ (vg, 1+ 2e” 1f)-apprex alg for UFLP.

This will clcse the gep with the lower bound.

e Find a2 ccnstant-tacter apprex alg fer the generalized FLP.

The generclized FLP is similar tc UFLP, except the cecst cf each
facility is an arbkitrary given functicn cf the numkber ct cities it
serves.

Exampeles cf specicl cases: UFLP, Sctft-cepeciteted FLP, Hard-
capeciteted FLP, Lcead-kalenced FLP



