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OPPROUMATION ALGE(MHMS & TPERFORMANCE GUARANTEES

A ;\;—AP?ROXMAT!DN ALGORITHM TR AN OPTIMIZATION
PROBLEM € A POLYNOMIAL-TIME ALGORIMHM THAT IS
CURRMTEED To HIND A FEASIBLE SOLUTION OF 0RJECTIVE
rUNCTION VAWE WITHIN A FACTOR OF p (F OPTIMAL .

THE PERFORMANCE GUARANTEE OF THE ALGORITHM IS f?

UERISTIC - NEED NoT 86 P -TIME (AWRS
NEED NOT HAVE PERPRMANCE GUARANTEE



THREE ALGor|THM|C TECHNIRUES

o LP ROUNDING - ROUND FRACTIONAL OPT

TO “NEARBY' INTEGER CoL'N.

« PRIMAL-DUAL ALGORITHMS - (SE (P
AS ONLY (MPLICIT

GUIDE TO FIND SoL'N

e LOCAL SERRCH PROCEDURES - /[TERATIVELY [MPROVE
SolU'N W.R.T
PRESET NOTIDN OF

"WEARBY ~ SolLUTIONS



EUCLIDEAN  CARSE

[ ARoRA  RAGHAVAN, 2 RAO7]
o  (RQUASI-POLYNDMIAL APPROXIMATION ScHEME

(N ANY  CoNSTANT DIMENSION
o« TOLYNOMIAL APPROXIMATION ScHEME N R°
[KoLLIDPOULDS &£ RAO 3

= POLYNOMIAL APPROXIMATION SCHEME

IN CONSTANT D/IMENSIoN



THE HIGHLIGHTS OF (P RoUNDING

e FORMULATE AL TP
e SOLVE P RELAXATION
o ROUND LP OPTIMUM TO INTEGER SOL'N.

e PROVE ROONDING DOES NOT |NCREASE
CoST Too MUCH

¢« P PROVIDES (OWER BOUND (FOR MIN.)

] SO,

BEING "CLosE" To LP VALUE

= BEING "CLOSE" TO OPTIMAL [P VALUE



—HE ONCRAPACITATED FEACILITY LOCATION PROBLEM

KEY
. CLIENTS 70 BE ASSI6NED TD_FACILITY
| POTENTIAL SITES FOR FACILITIES

1Ca COST oF OPENING FACILITY AT ¢

Cij CoST OF ASSIGNING CLIENT AT ( To FACILITY AT



~HIS PROBLEM HAS A LONG HISTORY

[BALINSKI 1966 ] EARLY FORMULATIONS
[ KUEHN £ HAMBURGER | 1963 ] £ APPLICATIONS

[ MANNE (964 ]
[ STOLLSTEHER 1961 ]

[ BALINSKI & WOLFE  1963] EARLY  CoMPUTATIONAL
[ EFRoYMSIM ¢ RAY 1966] WORK

L sPiELBERG ;1969 ]

[ReVELLE £ SWAN ti30]

[MARSTEN 1972]

« LAGRANGEAN RELAXATION

o PRIMAL-DUAL HEURISTICS

. PROBABIUSTIC ANALYSIS OF AL&ORITHMS

. CoMPUTATIONAL COMPLEXTY ( (T IS NP-HARD)

e PERFORMANCE GUARANTEES FOR APPROX. ALGORITHHS

e POLYHEDRAL STROCTURE



AN INTEGER PROGRAMMING FORMULATION (BALINSKI, 196¢,

MINIMIZE 27 iy, 23 2 g %

CEF 4€D 1eF

SUBJECT TO
Zp Xe; =1 FOR EACH 1eD
teF J J

Xiy 53,’, FOR EACH ieF/jeD

X, Yo € 10,15 FoR EACH 1&F jeD

DECISION VARIABLES

[ BUILD FACILITY AT SITE L
d 0 o.W.

{ l ASSIGN CLIENT AT 4 To FACILITY AT i

o 0. W.



DURL. LP

MAYIMIZE 2, v
jé_‘x .
ST 2, wy %4 FoR EACH 16F
jev - |
\./,1' < C’éj + NE'J' FOR ERCH ce F/ j¢€D
wiyj %0 FOR €EACH .eF 1¢D

LEMMA  IF 1:]) « (V) ARE

OPTIMAL PRIMAL £ DUAL LP SOLUTIONS , ReSP
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(%) ¥ 20 = & <Y

PROOF  FOLLOWS DIRECTLY  FROM  COMPLEMENTARY

SLACKNESS " oF LP OPTIMA

THE  CLDSENESS PROPERTY



MOTIVATION  Fop DVAL (P
EACH  CLIENT J‘ PROHISES TO PAY
"ITS SHARE "

OF FACILTY COST FoR ¢ 4
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BUT  WITHOUT  FACILITY CoSTS  EACH C(_JENTJ’
OSES  FACILITY  WITH MIN. ADJUSTED (CoST

MIN, { Cyj ‘H\/ij}



AEW  FRACTIONAL SOoLUTION AS A GRAPH

L
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i
ooy 7 © .9 PUT EDGE (i),
: IN  GRAPH
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® Yij 70



ONE [TERATION

SELECT REMAINING DEMANTD  TOINT J

WITH  MIN/MUM ?/'J-

T~



INCLUDE N CLUSTER

¢ NODE
. ALL FACILITIES USED (FRACTIONALLY) BY j

e ALL DEMAND PTS. THAT USE THESE FACILITIES



INVARIANT : 2 Y., = 1 - Al |
VA T ¢ REMAINING ?C'E'k - FOR ALL REMA,N!NG k
NEIGHRAR ¢F k



USE
CLOSENESS

PRoPERTY

7\
ol

7,
P ¢

v~ V. < 3V, BY CHoice
ASSIGNMENT COST OF K €V, #Vj 1V, 3 Vi F |
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ToTAL CoST oF SowTioN

IN

FACILITY CoST € 0. 4 g LP-OPT

ACS (CNMENT CoST € 2. 3V <3 LP-oPT
Je

T6TAL CosT € 4 - LP-OPT



RANDOMIZED ROUNDING

FoR O-1 INTEGER PROGRAM
« COLVE FRACTIONAL (LP) RELAXATION

o I’NTEKPKET FRP\C’UDNAL VALDE

gj AC PROBABILITY

o CSET yjsl WITH PROBABILITY Z,

[ RAGHAVAN £ THoMPEON 1486 1



QIMPLIEYING  ASSUMPTION

A SOLUTION (% ) (S COMPLETE

N

\F f(lj >0 = K =Y

LEMMA  FoR ANY INPUT T WiITH
BoopTiMUM ¢y ) THERE 1S AN

CLUIVALENT INPUT I WITH COMPLETE

~ ~ : o ,.
(P OPTIMUM (1,% ) [/ & THESE CAN

B

= EFEICIENTLY COMPUTED ).

R

y

SO ...
WLOG. MAY ASSUME (NPOUT HAS

CoMPLETE LP OPTIMUM



CLOSTERED RANDOMIzeD RoUNDING

e FOR EACH CLUSTER CONTAINING
FAC(LITIES S’é{:l CHoOSE (€S8

WITH  PROBABILITY g £ OPEN THERE

(N.B. Z ’gd =1 > (IND. FOR EACH
€S CLUJTER>_

e —pR EACH FACILITY ¢ NOT [N ANY CLUSTER |

~

oPEN AT L (INDEPENDENTLY ) WITH PROB. Yu -

e ASSIGN EACH DEMAND PoINT TO ITS NEAREST

OPEN FACILITY

THEOREM . [ CHUDAK &S ]

£ [ ToTAL cosT OF

3
< [+ _
SoLOTION FOOND 1 (1+% ) LP-VALUE



WHY ¢ CLUSTERED  RANDoMIZED ROUNDING  Goop ¢

Y,

g’ Y + Y3 Y, = 1

= T(I-y) £

Y,

So  ‘MOST OF THE TIME" A 1-HoP

KoUTING EXISTS,
AND WHEN THIS FAILS |

WE CTILL HANE 3-HOP RoUTING To FALL

BACK  UPDN |



—HE k-HEDIAN PROBLEM

GIVEN n  POINTS N A HETRIC SPACE
CHopse k OF THEM (AS "MEDIANS" )

2 ASSIGN EAcCH PoOINT TO A MEDIAN

ST. ToTAL ASSIGNMENT  (CofT (S MINIMIZED



/P FORMULATION

MINIMI2E 2L D cu %
CEN Jé’N 1:’ J
S.T. LGZM, Xxy = 1 FOR EACH J'e-N

Xy 43‘-' FOR EACH L',jeN

%y 1Y€ fo,1T  For EAcH 7,j€eN



PRIMAL -DUAL  ALGOR(THMS

{1GH -LEVEL [DEA:

S(HUL’\‘ANEOUKL‘( FIND

e FEASI(BLE INTEGER SOLUTION To e
ORIGINAL (PRIMAL) PROBLEM

« FEASIBLE soLUTION To DUAL LP @

. ~ I/NCREASING
t T T 1‘ CosT

Fensi8LE  opTIMAL  OPTIMAL  FEASIRLE
PoAL LP (INTECER) NTELEX
VALUE VALVE VALVE v ALY

|F  ALGOR(THM IS GUARANTEED TO FIND ©® & ¢

S.T. e = €'0 S{D‘o

—>  AlGoRITHH 1§ f-APPfoX/MATlorJ ALGORITHM

[cuvATAL] [ 60EMANS & WILLIAMSON ]
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( i 3/
- c .
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1 €T et
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g € Coi tWi FOR. EACH L'éF,](:D
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A PRIMAL-DUAL ALCORITHM TFoR THE
UNCAPACITATED FACILITY LOCATION PROBLEM
[ JAN & VAZIRANI S

THM . ALGoRITHM FINDS

e INTEGCER _/1’.9-/ ;% ) £
e pREITRREY o)

5;: i ﬁ‘j;’ .

C.7. BoTH ARE FEASIBLE &

Z%J3‘g}+32fy Z

]

CoRoLLARY  PRIMAL-DVAL ALGORITHM HAS PERFORMANCE

CUARANTEE OF 3,



NHY  ARE  k-MEDIAN & UNcpP. FACILITY

PROREMS TRELATED ¢

A CIMPLE , BuT POWERFUL , 1DEA [ JAN & vAZIRANI ]

ALGORITHM  FoR
L, Sy TTTTTZ UNCAPACITATED
\ EACILITY LOCATION PROBLEM




WHY  ARE  k-MEDIAN & UNCAP. FACILITY

PROBEMS TRELATED €

A CIMPLE  BuT POWERFUL  1pEA L JAIN & vaziRANT]

SET .
| ALGORITHM  FoR s.T
'51.5 Chj TP UNCAPACITRATED 1. k

 FACILITY LOCATION PROBLEM| FaciLITIES
u A l UsED
2. ——

ALCORITHHM  FoR k-HEDIAN PROBLEM
C;,j

e DESICN  “PRIMAL-DUAL  SUBROUTINE

e ANALYSIS FURTHER (INKS TWo PROBLEMS



SNCAE, FACD Lo” <~ HEDIPN
MIN ; i Kep  * ;{yL MIN %7 ;%A
or T oz =1 4 |sT Zowg =l
l: ¢
0 £ K < Y. V(,J O = %y sj,, Vt',J
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WHY DoES THIS YIELD GUARANTEE FoR k- HMEDIAN ?
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RADIUS  OF FACILITY

CoNTRIBUTION OF J
To FACILITY COST

FoR EACH FACILITY @
seT RADWS r, < RADUS r ST.
ToTAL CONTRIBUTIDNS
oOF CLIENTS = F;
B, « "BALL" OF RRDIS

WLOG ASSUME 1, €0, €+ S (M,



ALEORITHU  OF  METTU - PLAXTON

SET S e ¢

ITERATE THRouGH ALL (=1,... m

/ /

IF 2B, NS =@ THEN

ADD ( To S

AN (MPLICT DUAL SoLUTIoN
[ ARCHER. RAJRGOPALAN  £S ]

mir { ey -HJ-';j}

VJ' =
WHERE
ri— ¢y IF j€ B
w";'}z { ®) O.W.

€T () DENOTE ¢ THAT ACHIEVES MIN

(iF TIes TAKE LOWEST INDEX )



LEMMA iF ( ¢ ( ARE BoTH OPEN

EACILITIES  THEN Cipy % MAX [Q‘ ) (o }

PRODE  <SuPPosE  ( IS OPENED FIRST.

' | BL’
3 4
[ ]
"‘I
‘\\" |

CooLLARY EACH DEMAND PoINT IS (N B

FoR AT MoST oNE OPEN FACILITY o

PROOE CUPPolE NoT

ap



3 TYPES OF DEMAND PINTS j

CASE 1 ig) iS OPEN

e ASSIEN j O ()

© Yy TGyt Wiy

LEMMA LET j BeE CT. () NoT oPEN & So
3 i' THAT (s oPEN THAT “ClLoseD” t(§). THEN

C'L'J < 3 \{]

PRODF V‘\' = Cupy tWapy,y ~ MAX {(‘uj) ) Cu.’(j),j}

«——  ZL20,SZV T ’\.,
) L‘J) J L(J )

C ) .
i~ Y

I
J



CASE Z: i(§) 1S ClLosED £ /J'emf(Bi) =5, CLOSED)

SUPPOSE THAT OPEN FACILITY i ‘CLOSES’ t(j)
» ASSI6&N j T )

CoGg o= Sy

CASE 3 i(j) IS CLOSED £ jé/n‘f(lgk) st. k OfEr
COPPOSE TUAT opeN FACILITY 1 ‘croses’ ¢(3)

LEMMA < ( & HENCE L'aék)

PRooF vy £ Wy <V < %

gd  DeF'N OF ((}) « Jéin*(gk)




=, = W)+ 3V
yis < 9k < ij - JVJ' _(YK U/‘J) J
Tl

= (i «é-LJkJ' <3vj

e ASSI6N j 7o Kk

. q{j —I'QLJL,:J' < 3\{1

CLAM 2.3\/- 2 D[ ASSIEMMENT CosT Ry
]

J J
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( PAL & TARDDS ] INDEPENDENTLY USED

) ” ISM -
| ASAHE DUAL TO GIVE STRATEGY-PROOF HMECHAN



LOCAL  SEARCH TR k-MEDIAN PRoBLEM
[ ARYA | GAG, LHANDEHAR, PANDIT, HEVERSON | £ MuNA G ALA ]

SIMPLE CWAP MOVE - DELETE ONE C(eNTER
ADD ANSTHER ONE

"RecAl”  NoTATION

S - (cenNTE€S (N CURRENT SoLuTioN
S* - CeNTERS (N FIXED opT(MAL SowuTionN
C - CoST OF CURRENT SoruTioN

C* - CoST oF OPTIMAL CowuTioN
NOW(}) - CENTER SERVING ) N CURRENT COL'N

OPT(3) - CENTER SERVING § (N OPTIMAL SoL'N



ZACTITIN  OF POINTS SEBRVED BY ¢* (N OPTIMAL SN

SIMPLE 2ARTITION —  Slze oF EACH PART

< 5 -ToTAL Sizg

IF SIZE OF PART CoRRESPONDING TO ¢ .
> 4 totAL  sue => [ CAPTURES 1

POINTS




ciaim 1812 2/5 (Y €8SY commie ARG.)

o—

CoRoLLARY  CAN  “PAIR UP" EACH PoINT IN S
WITH 1 oR 2 PoINTS (N S* s

EACH #T. N S IS TMEED EXACTLY ONCE.

0WR  k  CRUCIAL SWAPS

e 1 wiH ¥ wHeN L CAPTURES ¥

£ NOTHING ELSE

e {  WrTe T WHERE L CAPTURES
NOTHIN &

NOTE @ EAcH (¥ (s IN EXACTLY ONE SwWAP

EACH U '€ N < 2 SWAPS



MAGIC PECHMUTRTION
-
- MAPS EACH 7
J/



<WA? L & (¥

e ALL 3 OT ofT(3)=i" CET ASSIENED T o

. RR EACH § ST M=t & ot (+

NOW  ASSIEN 3 TO Now (TT(3))

CLAIM N LATTER CASE ~ NOW T3)) ¢ .

Peook  Nowl(j) DIES NoT  CAPTURE .

LENCE  MAGC PERMUTATION ‘T MAPs 3 TO ()
WITH  NOWAT)) # MW(j) =

w(3)

oprlmlq)) = OPTEYD
\ o)

) + cﬂ(j)oP’r(‘l’I’(J)) + C’TT(J)NDN(nb




~.

CHANGE OE CofT FoR SwAP oF ¢ «

Z (63091'(3) JMN(J)> Z (cgmw(ﬂ(g)) - JNBN(J)>>C

4-0PT( J 3 N)=¢
=L" € 0PT(3) # ¥

A

‘ \
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¢t C zct 2c* O 2C

= ge*t-c zo



GENERALIZATIONE

MULT[-LEVEL FACILITY — LOCATION

[ AGRDAL  cHUDAK & S ]

[ MeveRsoN | MUNACALA & PLOTKIN ]
[GUHA  MEYERSON | 4 MUNAGALA ]

[BUMB <« KERN ]

e CAPACI(TATED FACILITY LoCATION
“SoF T VvS. "HARD  CAPACITIES
‘SeFT" [ S, TARDOS 2 AARDAL
[ cHupAK ¢ S 7]
'
[ JAN & VAZIRANI ]
[ KeRupoLY , RAJRRAMAN  « PLAXTON ]
[ CHUDAK & WILLIAMSON

iRy [ PAL, TARDDS, £ WEXLER ]



. ERULT -TOLERANT FACILITY LOCATION

[ JAN & ypziRANT )
[GUHA  MEVERSoN | & MUNAGALA ]

Cswam & s 3
CTAN, MAUDIAN - MARKAKIS  SABERI 4 VAZIRANL.

ol WITH PENALTIES

e TACILITY (0OCAT
(€& k-Hedlad  WITH UTLIERS )

QUKAR | KHULLER | MooNT NACASIMHAM )

[ cua
Qi gvAzeANt]

[ TaN, MAHDIAN MARKAKIS SAGE

YATA PLACEMENT

e MIN(MEE JSUM oF CLUSTER DIAMETERS



FIND  APPROYIMABILITY  THRESHOLD  FoR
FACILITY  LocATiIoN 4 K- MEDIAN  PROBLEMS

“LP-RASED " GUARANTEE FoR 'HARD"
CAPACITATED FACILITY LoCATION

EXPLOIT  ‘0DD-CYCLE ' CoNSTRAINTS
R UNCAPACITATED TPROBLEMS

ANALMZE  LACRANGEAN RELAXATION ¢
FoR CAPACITATED FACILITY LoCATION

CAN  RANDOMIZATION PLAY A QLe (N
PRI MAL -DUAL ALGORITHMS 7 LoCAL SEARCH

ALGORITHMS 7



FHEQNIEN

UFL k-HEDIAN
LP ROUKDING S TARDIS, g MRDAL 4 CHAGKR GUHA, 64
2. b TARDX g §
GUHA ¢ KHUULER 2.46"
CHUDAK ¢ G (+%e
(+%e -.o001™
SVIRIDENKO (.63 ~> 1592

(OCAL SEARCH oo , S PRUA, CARG KHANDEKAR 3
4 RA}AQAMAN PANDIT MEYERSN £
MUNAGALA
CRARIKAR ¢ GUHA 3
-+
(WZ

PRIMAL-DUAL  TAnS £ VAZIRANI 3 JAIN L VAURANI A
METV ( PLAXTON 3 CHAQIKAR ¢ GUHA 4
MAHDIAN | MARKAKIS, “TAIN, MAHDIAN,, +

CAEER! 4 yAuURANIL 861 4 SAGERI

| JAIN HAHDIAA 6 SheERt (bl

CITCHEN SINK” MAHDIAN. g, 2HANG .52

[GWER BNDS  GUHA & EWULIER 1963 JAIN MAHDIAN € [+

SARER|

4 AP GREEDY IMPRWEMENT " PST-RocBSING
+ AP  RESCALNE PRE -PROCESSING



