=
UCSD

Spectra of random power law graphs e et e
Random graphs
Eigenvalues

Laplacian spectrum

Linyuan Lu Summary

University of California, San Diego

Title Page

*This talk is based on two papers coauthored with Fan Chung and Van Vu. 1. The spectra of random
graphs with given expected degreBsypceedings of National Academy of Sciend€$, no. 11, (2003),
6313-6318. 2. Eigenvalues of random power law graphsials of Combinatoricg, (2003), 21-33.


http://www.math.ucsd.edu/~llu/

Outline

e Motivation

e The spectrum problem
e Random graphs

e Eigenvalues

e Laplacian spectrum

e Summary

=
UCSD

Motivation

The spectrum problem
Random graphs
Eigenvalues

Laplacian spectrum

Summary


http://www.math.ucsd.edu/~llu/

=
UCSD

The spectrum problem

A graphconsists of two set§” and E.

- V' is the set of vertices (or nodes).

Random graphs

- I/ is the set of edges, where each edge is a pair of vertices. =~ feemates

Laplacian spectrum

Summary



http://www.math.ucsd.edu/~llu/

=
UCSD

The spectrum problem

A graphconsists of two set§” and E.

- V' is the set of vertices (or nodes).

Random graphs

- I/ is the set of edges, where each edge is a pair of vertices. =~ feemates

Laplacian spectrum

Summary

Thedegreeof a vertex is the number of edges, which are incident
to that vertex.
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pattern in their degree distributions. Laplacian spectrum
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Right: An IP graph (by B|II
Cheswick)
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1.3. The power law degree distribution is robust.
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1.4. Eigenvalues of a graph

A grath: O O O

Adjacency matrix:

N
|
SO = O
_ o
O = O

Eigenvalues are
2,0,0.
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Summary

Do the eigenvalues of a power law graph —

g [weree |
follow the semicircle law or do the
eigenvalues have a power law diStribu- g
tion?
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2.1. Wigner’'s semicircle law
Random graphs
(Wigner, 1958) Eigenvalues

Laplacian spectrum

- Ais areal symmetria X n matrix. Summary
- Entriesa;; are independent random variables.
- BE(azi™) = 0.
- E(a?) = m°.
- E(af) < M.

The distribution of eigenvalues of converges into a semicircle
distribution of radiu®m./n.
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2.2. Evidence for the semicircle law for power law

graphs

The eigenvalues of an Ebd-Renyi random graph follow the

semicircle law. ( Bredi and Kombs, 1981)
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2.3. Evidence against the semicircle law for power law
g rap hS Random graphs

Eigenvalues

e Faloutsos et al. (1999, experimental resultf] he eigenval- Eaplaciailspecili
ues of the Internet graph do not follow the semicircle law. ~ ="

e Farkas et. al. (2001), Goh et. al. (200I)he spectrum of a .
power law graph follows a “triangular-like” distribution. _ mepae |

e Mihail and Papadimitriou (2002) They showed that the N
large eigenvalues are determined by the large degrees. Thus, RN
the significant part of the spectrum of a power law graph fol-
lows the power law.
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Use random graphs to solve the mystery s

e Data sets are too large and dynamic for exact analysis.

e Most real-world graphs have a random or statistical nature.
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uniform distribution on it.

Summary
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3. Random graphs

The spectrum problem

A random graph is a set of graphs together with a probability
distribution on that set. Eigenvalues
Example: A random graph o vertices and® edges with the = “@#ecanspecm
uniform distribution on it.

Summary

Probability; ~ Probability; ~ Probability

A random graphG almost surelysatisfies a property, if

Pr(G satisfiesP) = 1 — 0,(1).
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3.1. Erdds-Renyi random graph G(n, p)

- n nodes
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3.1. Erdos-Renyi random graph G(n, p) UCSD
Motivation
- N nOdeS The spectrum problem
- For each pair of vertices, create an edge independently with eigenvaiues
pro babil |ty p. Laplacian spectrum
Summary
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3.1. Erd0s-Renyi random graph G(n, p)
Motivation
- n nodes The spectrum problem
- For each pair of vertices, create an edge independently with eigenvalues
rObabi I |t . Laplacian spectrum
p yp Summary

- The graph withe edges has the probabilipy (1 — p) (5)-e,

The probability of this
graphis

p'(1—p)*.
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3.2. Arandom graph G(wy,ws, ..., w,)

- n nodes with weightsvy, wo, . . . , w,,.
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Motivation
- For each paifi, j), create an edge independently with proba-  the spectrum problem
bility p;; = w;w;p, wherep = Random graphs

- n nodes with weightsv,, w», . . ., w,.

n .
D i1 Wi Eigenvalues
Laplacian spectrum

Summary
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- n nodes with weightsv;, wo, . .., w,.

- For each paifi, j), create an edge independently with proba-  the spectrum problem

bility p;; = w;w;p, wherep = <—.
y pl] ' jp p Zi:l Wi Eigenvalues
- The graphH has the probability Laplacian spectrum
Summary

H Dij H (1 — pi).
)

ijeE(H)  ij¢B(H

The probability of the
graphis

3,2, 2 4
W w,wiwap” (1—wywap)

X (1—wswyp) H(l—wfp).

i=1
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The expected degree of verteis

E(d) = ) wuw;p
j=1
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J=1

= w;.
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G (wy, wa, . . . ,w,) is calleda random graph with given expected
degree sequence
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The expected degree of verteis
Motivation
n The spectrum problem
- Eigenvalues
J=1 :
n Laplacian spectrum
Summary
= W;p E w;
j=1
= w;.
G (wy, wa, . . . ,w,) is calleda random graph with given expected

degree sequence

Erdés-Renyi modelZ(n, p) is a special random graph wighyual
expected degrees:

Wy = - =W, =np.
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Theorem 1 (Chung, Vu, and Lu, 2003)

Supposev; > wy > ... > w,. Lety; be:-th largest eigenvalue
of G(wy, ws, ..., w,). Letm = w;andd = > w?p. AlImost
surely we have:

o (1—o(1)) max{y/m,d} < py < 7+/logn - max{y/m,d}.
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Theorem 1 (Chung, Vu, and Lu, 2003)

Supposev; > wy > ... > w,. Lety; be:-th largest eigenvalue
of G(wy, ws, ..., w,). Letm = w;andd = > w?p. AlImost
surely we have:

o (1—o(1)) max{y/m,d} < py < 7+/logn - max{y/m,d}.
o iy = (1+o0(1))d, if d > \/mlogn.
o 1y = (1+o(1)y/m, if /m > dlog®n.
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Theorem 1 (Chung, Vu, and Lu, 2003)

Supposev; > wy > ... > w,. Lety; be:-th largest eigenvalue
of G(wy, ws, ..., w,). Letm = w;andd = > w?p. AlImost
surely we have:

o (1—o(1)) max{/m,d} < p < 7y/Togn - max{/m, d}.
o 1y = (1+0(1))d, if d > /mlogn.

o 1y = (14 0(1))/m, if /m > dlog®n.

® (. == Jwyand i, 1 & —/wy, if Jw, > cfivlog2 n.
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It (wy,...,w,)

Apply Theorem 1 to the random power law graph:

The firstk and lastt eigenvalues of the random power law graph
with 3 > 2.5 follows the power law distribution with exponent

follows a power Ilaw distribution,
G(wy, wa, . . . ,w,) is called aandom power law graph

20 — 1. It results a “triangular-like” shape.
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4.1. Proof of Theorem 1;

1. First we proveu; > (14 o(1))y/m.

v\i
UCSD

Eigenvalues

—
—



http://www.math.ucsd.edu/~llu/

v\i
UCSD

Motivation

The spectrum problem

4.1. Proof of Theorem 1. Random graphs
1. FirSt we prOVQJ/:[ Z (1 -+ 0(1))\/777,. Laplacian spectrum

Summary

We observe

e It contains a star of sizel + o(1))m.
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We observe
e It contains a star of sizel + o(1))m.
e The largest eigenvalue of a star of sizeis v/m — 1.
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4.1. Proof of Theorem 1. Random graphs
1. FirSt we provml Z (1 -+ 0(1))\ /1. Laplacian spectrum
Summary
We observe

e It contains a star of sizel + o(1))m.
e The largest eigenvalue of a star of stzels \/m — 1.
e 111(G) > pi(H) for any subgrapt of G.

Hencewy, > (1 + o(1))y/m.
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Now we will provep; > (1 + o(1))d.
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g Summary
unit vector.
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Now we will provep; > (1 + o(1))d.

The spectrum problem

Random graphs

1 |
Let X = CK*AOZ, wherea = —('(Ul, Wy, . .. ,’lUn)* IS a Laplacian spectrum
Sy w}
g Summary
unit vector.
® [y Z X

e X can be written as a sum of independent random variables.
X = Z?:ll w2 Zi,j wiiji,j, WhereXZ-j Is the 0-1 random

variable W|thP7“(XZJ = 1) = W;w;p.
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Now we will provep; > (1 + o(1))d.

The spectrum problem

Random graphs

1 |
Let X = CK*AOZ, wherea = —('(Ul, Wy, . .. ,’lUn)* IS a Laplacian spectrum
Sy w}
g Summary
unit vector.
® [y Z X

e X can be written as a sum of independent random variables.
X = Z?:ll w2 Zi,j wiiji,j, WhereXZ-j Is the 0-1 random

variable W|thP7“(XZJ = 1) = W;w;p.
e F(X)= d.
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Now we will provep; > (1 + o(1))d.

The spectrum problem

Random graphs

Let X = a*Aa, wherea = L w2(w1’w2""’w”>* is a
unit vector. o Sy
o (; > X.
e X can be written as a sum of independent random variables.
X = s>, ww; X, where X, is the 0-1 random
variable withPr(X, ; = 1) = w;w,p.
e F(X)= d.

e X concentrates of(X).
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The spectrum problem

Lemma A:
. . . Random graphs
Let X, ..., X, beindependent random variables with

Laplacian spectrum

P’I"(AX'Z — 1) = Di, PT(XZ — O) — 1l — Di Summary
ForX => "  a;X;,wehaveE(X) = >"" a;p; and we define
v =>_" a:p;. Thenwe have

_2
2v *
e )

IA

Pr(X < E(X)—1t)
Pr(X > E(X)+t) < e xvatomm;

where ¢ the maximum coefficient among
a;'’s.
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Lemma B:

1 < d+ \/6\/mlogn(ci+logn) + 3v/mlogn.
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Laplacian spectrum

Proof of Lemma B: For a fixed valuer (to be chosen later), we  summay
defineC' = diag(cy, co, . . ., ¢,,) as follows:

‘1 x otherwise.
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p < d+ \/6\/ mlogn(d + logn) 4+ 3y/mlogn. ;::::}c;’;:h‘;mb'em
Laplacian spectrum
Proof of Lemma B: For a fixed valuer (to be chosen later), we Su?nma,y :
defineC' = diag(cy, co, . . ., ¢,,) as follows:

‘1 x otherwise.

w1 is bounded by the maximum row sum@f ' AC.
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Proof of Lemma B: For a fixed valuer (to be chosen later), we
defineC' = diag(cy, co, . . ., ¢,,) as follows:

w; Ifw, >x
C- p— .
x  otherwise.

w1 is bounded by the maximum row sum@f ' AC.
Thei-th row sumX; of C"'AC'is X; = =~ 37" | ¢;a;;. We have
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By Lemma A, we have

+2
PT('XZ - E(Xz)l > t) S G_Q(Var(Xi)+mt/3x).
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By Lemma A, we have Random graphs

Laplacian spectrum

Pr(|X; — E(X))| > t) < e atommm,

Summary

We choosex = /mlogn andt = /6Var(X;)logn +

277” log n.


http://www.math.ucsd.edu/~llu/

=
UCSD

Motivation

The spectrum problem

By Lemma A, we have Random graphs

Laplacian spectrum

Pr(|X; — E(X))| > t) < e atommm,

Summary

We choosex = /mlogn andt = /6Var(X;)logn +
2 Jog n. With probability at least — n™!, we have
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Summary

We choosex = /mlogn andt = /6Var(X;)logn +
2 Jog n. With probability at least — n™!, we have

p < max{X;}
< max{F(X;) +t}
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The spectrum problem

By Lemma A, we have Random graphs

Laplacian spectrum

Pr(|X; — E(X))| > t) < e atommm,

Summary

We choosex = /mlogn andt = /6Var(X;)logn +
2 Jog n. With probability at least — n™!, we have

p < max{X;}
< max{F(X;) +t}

d + \/6\/mlogn(ci+ logn) + 34/ mlogn.

IA
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The outline for provings, = (1 + o(1))/wy.



http://www.math.ucsd.edu/~llu/

<

The outline for provingu; = (1 4 o(1))/wy. UCSD
m Motivation
S = ’[, ’U)i > — 7 The spectrum problem
{ ‘ 1Og1+e/2 n} Random graphs

- S Lref2
T = {ijw; < dlog"™?n}. genvalues
Laplacian spectrum

Summary


http://www.math.ucsd.edu/~llu/

<

The outline for provingu; = (1 4 o(1))/wy. UCSD
m Motivation
S = ’l, ’U)i > — 7 The spectrum problem
{ ‘ 1Og1+e/2 n} Random graphs

- S Lref2
T = {ijw; < dlog"™?n}. genvalues
Laplacian spectrum

Summary

e S andT are disjoint.


http://www.math.ucsd.edu/~llu/

<

The outline for provingu; = (1 4 o(1))/wy. UCSD
m Motivation
S = ’[, ’U}i > — 7 The spectrum problem
{ ‘ 1Og1+e/2 ’n} Random graphs

- S Lref2
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The outline for provings, = (1 + o(1))/wy.

1Og1+6/2 n Z

T = {ijw; < dlog"**n}.

e S andT are disjoint.
e GCGS)UGT)UG(S,T).

e Apply Lemma B toG(S) andG(T'), we haveu,(G(S)) =
o) andju(G(T)) = ol /).

\-
UCSD
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The spectrum problem

Random graphs

Eigenvalues

Laplacian spectrum

Summary
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e S andT are disjoint.

e GCGS)UGT)UG(S,T).

e Apply Lemma B toG(S) andG(T), we haveu, (G(S)) =
ol /i) andiu (G(T)) = of /iy,

e (G(S,T) contains a subgraph; which is a disjoint union of
stars with size$l + o(1))wy, ..., (1 4+ o(1))wy.
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The outline for provings, = (1 + o(1))/wy. UCSD
m Motivation
S = Z w; > — ; The spectrum problem
{ ‘ 1Og1+6/2 TL} Random graphs
T = {ijw; < dlog"™?n}. S

Laplacian spectrum

Summary

e S andT are disjoint.
e GCGS)UGT)UG(S,T).

e Apply Lemma B toG(S) andG(T'), we haveu,(G(S)) =
o{ /i) andyu (G(T)) = ol /).

e (G(S,T) contains a subgraph; which is a disjoint union of
stars with size$l + o(1))wy, ..., (1 4+ o(1))wy.

e The maximum degrees s andmy of G, = G(S,T) \ G,
are small. We have

(Ga) < /msmy = o(y/wg).
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Te+1 — AD Tk . oy
AD ' ~ DY2ADY2,
1
dy
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5 . Lap I aC I an S peCtru m 'I:ejpectrumhproblem

Random walks on a graph: Summary

.
S

Te+1 — AD_IWk.

AD™ ' ~ D V2AD1/2,

Laplacian spectrum
O=X<A < <A <2

are the eigenvalues & = I — D~'/2AD~'/2,

The eigenvalues oiDtarel, 1 — \,..., 1 — \,_;.
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Let
- Wi = min{wy, ..., w,}
-d=3>"L W

- g(n) — a function tending to infinity arbitrarily slowly.

Theorem 2 (Chung, Vu, and Lu, 2003)
If W > log2 n, then almost surely the Laplacian spectriys
of G(wy, ..., w,) satisfy

4 1
max |1 — A < (14 o(1))—w 4 4 1og’n.

i#0 \/E Win
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Motivation

The spectrum problem
Random graphs
Eigenvalues

Laplacian spectrum

Summary
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M = D7Y2AD™Y2 _ g, C=W-124W-12 _ %y
where where
1 o 1 o Laplacian spectrum
d0 = (a1, ..., /)", X = e (BT, T
iz ¢ D i Wi

—
—
BN
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where where Random graphs
Eigenvalues
L /a4,... 4, L =
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Z?:l d; ( n) \ Z?:l w; ( n) Summary

- C can be viewed as the “expectation” bf .
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M =D Y2AD~1/2 _ 4 C— W2 A 1/2 _ Motivation

B ¢0¢0 B XX The spectrum problem

where where Random graphs
Eigenvalues
L /a4,... 4, L =
¢0:— d,--., d *. X:— w;--‘7 W *'
V Z?:l d; ( n) \ Z?:l w; ( n) Summary

- C can be viewed as the “expectation” bf. We have

M —c| < +o<1>>%.
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M = D7'2AD™'2 — g5y

where

1
= Vi, .. Adn).
= )

C = W_1/2AW_1/2 . X*X
where
1

XZﬁ(\/’F;--w\/w_n) :

- C can be viewed as the “expectation” bf. We have

2

1M =l < (1+0(1))—=.

- M has eigenvalue8, 1 — A4, .

L — ¢S¢O andLQbo = 0.

Vd

.., 1 —\,_1, sinceM =1 —
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The spectrum problem
Random graphs
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Laplacian spectrum

Summary



http://www.math.ucsd.edu/~llu/

M = D7'2AD™'2 — g5y

where

1 *
Po = Zszldi(\/d_,---,\/@ :

C = W_1/2AW—1/2 . X*X
where
1

Xzﬁ(\/@?ww\/w_n) :

- C can be viewed as the “expectation” bf. We have

2

1M =l < (1+0(1))—=.

- M has eigenvalue8, 1 — A4, .

L — ¢8¢0 andLQbo = 0.

Vd

.., 1 —\,_1, sinceM =1 —

It is enough to estimate the spectrum(of

=
UCSD

Motivation

The spectrum problem
Random graphs
Eigenvalues

Laplacian spectrum

Summary



http://www.math.ucsd.edu/~llu/

5.1. Results on spectrum ofC

v\i
UCSD

Laplacian spectrum

—
—
BN



http://www.math.ucsd.edu/~llu/

5.1. Results on spectrum ofC

We have

o If wyy, > \/Elog2 n, then

IC] = (14 o(1))

S

v\i
UCSD

Laplacian spectrum

—
—
BN
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Random graphs

5.1. Results on spectrum ofC

Eigenvalues

Laplacian spectrum

Summary

We have
o If wy;, > \/Elog2 n, then

Ic) =1+ o<1>>%.

o If wy;, > Vd, the eigenvalues af follow the semi-circle

. . . . . ~ l
distribution with radius" ~ 7


http://www.math.ucsd.edu/~llu/

5.2. The proof

Wigner’s high moment method:

|C < Trace(C’%)i.

v\i
UCSD

Laplacian spectrum

—
—
BN



http://www.math.ucsd.edu/~llu/

5.2. The proof

Wigner’s high moment method:
|C|| < TracdC?*).
First we will boundE (Trace C*)).

E(TI’&CQC%)) — Z E(Ciﬂ'zcizi:s T Ci2k—1i2kci2ki1)
2%k

$1,69y0eni
l

_ mh

= > > IlBE
I>1 I, h=1

I, = { closed walks of lengtl2k which usel different edges
ey, . .., e with corresponding multiplicitiesn,, . . ., m;.}

=
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Motivation

The spectrum problem
Random graphs
Eigenvalues

Laplacian spectrum

Summary
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E(Cgh) = 0,
E(Ceh) ~ p?p
Bleat) = mes

We have
l

l
E(TracdC™)) < 3" Wiy
=1 min
HerelV, ;, denotes the set of closed good walksop of length
2k using exactlyl different edges.
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Random graphs
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Laplacian spectrum

Summary
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E(Cgh) = 0,
E(Ceh) ~ p? p
E@Zﬁ) S wmh—Q ’

min

We have
l

l
E(TracdC™)) < 3" Wiy
=1 min
HerelV, ;, denotes the set of closed good walksop of length
2k using exactlyl different edges.

2k\ (20\ 1
Wil <nin—=1)...(n— — k=),
Wisl <=1 tn= 0 () (7 ) 770+ D
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If Wi > Vdlog?n, Wi p® = n(
previous sum.

S

)?* is the main term in the
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If Wnin > Vdlog® n, Wi p" ~ n(%)% is the main term in the b

previous sum. UCSD
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E(TraCé02k>> = (1 + 0( 1) ) n (ﬁ)m‘: ) ':;:::::'::h;;roblem

Eigenvalues

Laplacian spectrum

Summary
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If Wnin > Vdlog® n, Wi p" ~ n(%)% is the main term in the ;*
previous sum. UCSD
2 Motivation
2ENY 7 N\2k The spectrum problem
E(TracdC™")) = (1 + 0(1))n(\/a) : S

Eigenvalues

By Markov's inequality, we have

Summary

Pr|C]| = (1%)%) = Pr(ICI* = (1 +¢*(—=)")

N


http://www.math.ucsd.edu/~llu/

If W, > Vdlog® n, Wi.xp® = n(=)?" is the main term in the

previous sum.

S

E(TracdC%)) = (1 + o(1))n(

)2I<:.

S

By Markov’s inequality, we have

Pr(|C] > (1+ €>%> — Pr(|C|* > (1+ 6)%%)%
- E(TracdC?"))

= ((CEEE
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Random graphs
Eigenvalues

Laplacian spectrum

Summary
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If Wynin > v dlog® n, Wi p* ~ n(35)* is the main term in the =
previous sum. UCSD
2 Motivation
2ENY 7 N\2k The spectrum problem
E(TracdC™)) = (1 + O(D)n(\/ﬁ) . S
Eigenvalues
By Markov's inequality, we have
Summary

Pr|C]| = (1%)%) = Pr(ICI* = (1 +¢*(—=)")

N

|
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H
—
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N—
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- E(Tracd C?"))
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If W, > Vdlog® n, Wi p® ~ n(%)% is the main term in the -
previous sum. UCSD
2 Motivation
2ENY 7 N\2k The spectrum problem
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By Markov's inequality, we have

Summary

Pr|C]| = (1%)%) = Pr(ICI* = (1 +¢*(—=)")
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If W, > Vdlog® n, Wi p® ~ n(%)% is the main term in the -
previous sum. UCSD
2 Motivation
2ENY 7 N\2k The spectrum problem
E(TracdC2)) = (1 + o(1))n( \/E) .
Eigenvalues
By Markov's inequality, we have

Summary

Pr|C]| = (1%)%) = Pr(ICI* = (1 +¢*(—=)")

N

|
/N
H
—
™M
N—
[\~
-
/N
IS
N—
[\~
™

- E(Tracd C*))
T (L)
_ (o))

if &> logn.
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5.3. The proof of the semicircle law g
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Motivation

Let W (x) be the cumulative distribution function of the unit
semicircle.

The spectrum problem

1 o (2 k)' Random graphs
W(X) dW — ) Eigenvalues
/fj @) = P+ )
1 Summary
1 0 1 / £C2k+1dW(£E) — O
-1
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Let W (x) be the cumulative distribution function of the unit
semicircle.

The spectrum problem

(2 ]f) ' Random graphs

1
W(X) 2k d W — Eigenvalues
1 Summary
-1 0 1 / 332k+1dW(513) =0

1
Let Chor = (%)*16*. Let N(x) be the number of eigenvalues

of Chor less thanz andW,,(z) = n~'N(z) be the cumulative
distribution function.



http://www.math.ucsd.edu/~llu/

5.3. The proof of the semicircle law -
UCSD

Motivation

Let W (x) be the cumulative distribution function of the unit
semicircle.

The spectrum problem

(2 ]‘C) ' Random graphs

1
W(X) 2k d W — Eigenvalues
1 Summary
-1 0 1 / $2k+1dW(£C) =0

1
Let Chor = (%)*10. Let N(x) be the number of eigenvalues

of Chor less thanz andW,,(z) = n~'N(z) be the cumulative
distribution function.For everyk < logn,

/_ Ooxzden(az) = %E(Trace(C%kor» _ (122-:]{(')((]1)1(211;')'

/ AW, (z) = lE(Trace{C’ﬁkd}l)) = o(1).
e n

Thus,W, (z) — W (z) (in probability) asn — oo.
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For the random graph with given expected degree sequenCevoivaton
G(wl, Wy, ..., ’U}n), we proved that The spectrum problem
Random graphs
e The largest eigenvalye, is essentially the maximum gf'm Eigenvalues

Laplacian spectrum

andd, if they are apart by at least a factorlog” n.

Summary
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For the random graph with given expected degree sequencevotvation
G(wl, Wwao, ..., ’U}n), we proved that The spectrum problem
Random graphs
e The largest eigenvalye, is essentially the maximum gf'm Eigenvalues

Laplacian spectrum

andd, if they are apart by at least a factorlog” n.

Summary

e If d is small enough< 12)/52)’ the k-th largest eigenvalue is

about the square root éfth largest weightuv;.
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For the random graph with given expected degree sequencevotvation
G(wl, Wwao, ..., ’U}n), we proved that The spectrum problem
Random graphs
e The largest eigenvalye, is essentially the maximum gf'm Eigenvalues

Laplacian spectrum

andd, if they are apart by at least a factorlog” n.

Summary

e If d is small enough< 1@), the k-th largest eigenvalue is

about the square root éfth largest weightuv;.

e The non-zero Laplacian eigenvalues concentraté wiith
spectral radius at most, if w,,, > Vdlog®n.
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For the random graph with given expected degree sequencevotvation
G(wy, ws, . .., w,), we proved that

e The largest eigenvalye, is essentially the maximum gf'm

density

andd, if they are apart by at least a factorlog” n.

If d is small enough<

N

log?

’;), the k-th largest eigenvalue is

about the square root éfth largest weightuv;.

The non-zero Laplacian eigenvalues concentraté arnth

spectral radius at most, if w,,, > Vdlog®n.
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2. The unique giant component existslit> 1.

Laplacian spectrum

3. The average distance(is+ O<1>)£§Z’ if the expected degree

sequence satisfies some mild conditions.
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(Chung and Lu)? ForG(wy, ws, . . .,w,), almost surely we have  yoivaton

The spectrum problem

1. All connected components are smalllik< 1. g

Eigenvalues

2. The unique giant component existslit> 1.

Laplacian spectrum

- - ogn
3. The average distance(is+ 0(1))1 5" ifthe expected degree = =
ogd
sequence satisfies some mild conditions. __tomepae |
Applied the above results to random power law graphs, we have I
RN [

Range | Average distanceDiameter
2< <3| O(oglogn) |O(logn) TN [
B=3 @(;g"%;qz i O(logn) TR
B >3 (1+ 0(1))@~ O(logn)  coma |

aReferences: 1.Connected components in a random graph with given degree se- _
guencesAnnals of Combinatoric$, (2002), 125-145. 2. The average distance in
random graphs with given expected degré&eceedings of National Academy of Sci- _

ences99(2002), 15879-15882.
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